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I will talk about learning over these two lectures. Most of the models of
learning I will be talking about in detail will be concerned about situation
in which the agent has very limited information about the environment and
experiences or receives very little information with each choice. Learning
will be thought of as the behavior change that occurs in response to the in-
formation the agent receives. I will talk about both the short run properties,
and the long run behavior, associated to particular learning rules, or classes
of learning rules.

The environment I will place the agent in will be a (canonical) decision
problem. I will not be considering learning in games.! Agents will not be
assumed to know the probability distribution over outcomes of any action. It
may be useful to think of the outcome set as monetary amounts in a compact
interval, of which the agent is assumed to know the bounds. Other than
that, the agent will only be assumed to know the available set of actions.
Time will be discrete, and at any time (stage or period) the agent will take
an action and receive a payoff.

I will also try to relate the analyses of learning models with evolutionary
models and the expected utility model. Evolutionary models will be taken
to those in which large populations of individuals, each identified with the
action she chooses, and facing the same decision problem repeatedly. Payoffs
in such models are fitness (or offspring). The expected utility model of von

'For which you might want to look at Fudenberg and Levine (1998), a recent and
wide-ranging enough book on the subject.



Neumann and Mogenstern and Savage will be assumed to be known by all.
In it, agents are assumed to know or have beliefs about the distributions over
payoffs associated with each action. Payoffs, here, will be restricted to be
monetary amounts.
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2 Historical Introduction

Decision makers often don’t know the distribution over outcomes among
which they have to choose (as in von Neumann and Morgenstern (1947)).
They may not even have (subjective) beliefs about these distributions (as in
Savage (1954)). They, hence, may not be suitably described in the manner
of choosing as in bandit problems (Rothschild (1974), Berry and Fristedt
(1985)) when facing a repeated decision problem. There seems to be room
for, and need of, models of choice behavior that make less demanding infor-
mation or belief assumptions on the agents they are describing.

Almost simulatenously with the developement of (subjective) expected
utility theory an alternate approach was taken by Bush and Mosteller (1951,
1955) and Estes (1950). This alternate approach (to decision making) does
not assume people know the distributions of payoffs associated with various
actions, and nor does it assume decision makers form beliefs about them.
Decision makers choose randomly and adjust their behavior in response to
their experiences (from the chosen action and payoff).

4



An early comparison of these two approaches to decision making in pro-
vided in many of the papers included in volume by Thrall, Coombs and Davis
(1954). A similar exercise is conducted by Simon (1956). The book by Luce
(1959) partially compares these two approaches. It also attempts to pro-
vide an axiomatic foundation for the learning approach. Bush, Mosteller
and Thompson (“A formal structure for multiple-choice situations”) in the
volume by Thrall et. al. which attemtps to axiomatically develop a learning
theory. See also the review article by Edwards (1961).

Cross (1973, 1983) had formally introduced their study in Economics. Si-
mon (1959) had earlier, informally, promoted their usefulness for economics.
Schmalensee (1975) had proposed then as an alternative to the Bayesian Ban-
dit approach of Rothschild (1974). This approach, while it has never become
the mainstream in Economics, has wide adherence in the machine learning
literature (see, e.g., Narendra and Thathachar (1989) and also Sutton and
Barto (1998)). Laslier and Walliser (2005) consider how to apply a specific
learning model to describe learning in extensive form games.

In the recent experimental literature these learning models have re-appeared
as they have been found useful in describing learning behavior in decision
problems (e.g., Barron and Erev (2003)) and games (e.g., Camerer and Ho
(1999), Roth and Erev (1995)). A related model, that has also been used
to explain experimental data on learning in games, that was inspired by this
literature was developed in Sarin and Vahid (1999).

3 Framework: Notation and Assumptions

Behavior is described as stochastic. Let A be the finite set of actions available
to the decision maker. This set is assumed known by the decision maker.
Let A(A) be the set of all probability distributions over A. Behavior is
described by 0 € A(A). For notational convenience we shall suppose all
actions are played with positive probability.

Time is discrete and is indexed by n € Ny = NU {0}. Initial behavior is
o (0) is given. At each point in time, the decision maker chooses an action
according to o and receives a payoff. This information is used to update



behavior.?

Let F, be the distribution of payoffs x € X from action a and let F =
(Fa),eq be the (payoff) environment the decision maker faces. The decision
maker does not know F'. No beliefs of the DM about F' are assumed. The
decision maker, however, is assumed to know some upper and lower bound
on the possible payoffs. Hence, we may identify X = [Zmin, Tmax|- It may
be convenient to think of payoffs as monetary magnitudes, though this is not
required. The expected payoff from action a is denoted by 7, = [ zdF, ().

Let Ly 4 (a) denote the probability with which a is chosen in the next
period if @’ is chosen today and a payoff of x is received. Notice that, for
given o, specifying a learning rule as a function of x involves specifying a
(finite, square) matrix of functions,

L,z (a) Lo (a’)
L) (@) Lz (a)

A learning rule tells us how the probability of each action a’ € A is updated
upon choosing any action a and receiving a payoff z.

The set of learning rules we consider should best be thought of as “reduced-
form” learning rules. They only describe how behavior changes in response
to experience. They do not model how the experience might change the
beliefs the agent hold and through the change in belief result in different
behavior.

4 Examples

1. The Cross learning rule (Cross (1973)) is given by

L(a,aj) (a) = 0,4+ (1 — Ga)l‘
Ly (a) = o,—0x Vd' #a,

2This is almost the framework assumed in Easley and Rustichini (1999). They, how-
ever, assume that the decision maker observes the payoff from all hher actions at each
point in time.



where z € [0, 1].

. The Roth and Erev (1995) learning rule describes the state of an agent
by a vector v € R'ﬂr. The vector v describes the decision makers
“attraction” to choose any of her |A| actions. Given v, the agents
behavior is given by o, = v,/Yyvy for all a. If the agent plays a
and receives a payoff of x then she adds x to her attraction to play a,
leaving all other attractions unchanged. Hence, the Roth and Erev

learning rule is given by

Vg + X
LY S
(a,x) (CL) Ea”va” T
v
L’U / — e v !
(a/,z) (CL) Eauvau + a 7é a,

where x € [0, Tyay] and the superscript v on the learning rule defines
it at that state of learning.

. Our next example considers the weighted return model (over gains)
studied in March (1996). This learning rule is risk averse but may not
be monotonically risk averse. The state of learning is described by a
vector of attractions v € R'ﬁr. Given v, the agents behavior is given
by 04 = v4/Xa v for all a. If action a is chosen and receives a payoff
of x then she adds 3 (x — v,) to her attraction of a, where 5 € (0, 1)
is a parameter, leaving all other attractions unchanged. Thus, the
learning rule may be written as

Vg + 5(% — Ua)
L'U
(a,x)(a) Za”GA Vgr + 5([5 — Ua)
Vq
Ll(ja’,a:) (CL) = Va' 7£ a,

D areaVar + B(T = Var)
where x € [0, Zmax)-

. March (1996) also considers the fractional adjustment model. This
rule is specified over environments in which the decision maker has
only two actions. Over gains, this model is specified by

Ligay (@) = 1=(1-a)"(1-04)
Ly (a) = (1-a)o, Vd #a,
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where a € [0,1] (* and = €777*%). Over losses this model is specified
as

Laa (@) = (1-a) "oq
Lyg(a) = 1-(1—a)“(1—-0,) Vd#a.

5. Another learning rule that has received considerable attention is the
logistic fictitious play with partial feedback studied by Fudenberg and
Levine (1998, section 4.8.4). The agent is described by the |A| x 2
matrix (v, k) where k, denotes the number of times action a has been
chosen, K = (Kq),eq, and v = (v,),c4 gives the vector of attractions.
The next period attraction of an action that was chosen today is its
current attraction plus (z — v,) / (ks + 1). The attractions of unchosen
actions are not updated. The learning rule is specified as

eva—k(aj—va)/(ma—f—l)

oy (@) = et @) [t D) {3 e
Lir o (a) - Va' # a

eva’—"_(‘r_va’)/(ﬁ’a’—’—l) + Za”¢a, eva”

6. Borgers and Sarin (2000) consider the following learning rule.

5 Analysis

I will focus on two of the most widely studied rules in this section. The Cross
(1973) learning rule and the Roth and Erev (1995) learning rule. The former
has largely appeared in theoretical work, whereas the latter has appeared
widely in both the theoretical and empirical literatures. My objective will
be to bring you some of the results on these models of learning. Note that,
both have the restricitive feature that the agent adds probability to whichever
action she chooses. Implicitly, all payoffs of the agents are allowed /assumed
to face in these rules are nice. This limits the applicability of these rules to
larger classes of environments.



