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Abstract

Learning describes how behavior changes in response to experience.
We consider how learning may lead to risk averse behavior. A learning
rule is said to be risk averse if it is expected to add more probability
to an action which provides, with certainty, the expected value of a
distribution rather than when it provides a randomly drawn payoff
from this distribution, for every distribution. We characterize risk
averse learning rules. The result reveals that the analyses of risk
averse learning is isomorphic to that of risk averse expected utility
maximizers. A learning rule is said to be monotonically risk averse if
it is expected to increase the probability of choosing the actions whose
distribution second order stochastically dominates all others in every
environment. We characterize monotonically risk averse learning rules

and show that such learning rules are risk averse.

1 Introduction

Expected Utility Theory (EUT) explains behavior in terms of preferences

over, possibly subjective, probability distributions. Preferences are taken as

*We thank Ed Hopkins, Karl Schlag and Joel Sobel for helpful comments.



innate and exogenously given. In this paper we take an alternate approach
in which the decision maker need not know that she is choosing among prob-
ability distributions. The behavior of the agent is explained by the manner
in which the agent responds to experience. It is the response to experience
that our approach takes as exogenously given. This paper reveals that the
analysis of risk aversion can be developed, in this alternate approach, in much

the same manner as in EUT.

We describe the behavior of an individual by the probabilities with which

she chooses her alternative actions.!

The manner in which the agent re-
sponds to experience is described by a learning rule. For given behavior
today, a learning rule is a mapping from the action played in this period
and the payoff obtained to behavior in the next period. We refer to the
payoff distribution associated with each action as the environment. The

environment is assumed to be unknown to the decision maker.

The focus of this paper is on how learning through experience explains
behavior towards risk. In EUT, preferences are said to be risk averse if,
for every probability distribution, the expected value of the distribution is
preferred to the distribution itself.? In order to define risk aversion for a
learning rule, we consider two environments that differ only in the distri-
butions associated with one of the actions. In the first environment, the
action provides a payoff drawn randomly from a given distribution, whereas
in the second environment the expected payoff of that distribution is pro-
vided with certainty. We say that a learning rule is risk averse if, for any
distribution, the learning rule is expected to add more probability to the
action in the second environment than in the first. Furthermore, we require
the above to hold regardless of the distributions over payoffs obtained from

the other actions. Formally, the definition of when a learning rule is risk

IThis is commonly assumed in models of learning. For a recent axiomatic foundation
of probabilistic behavior in decision making see Gul and Pesendorfer (2006).
2See, for example, Mas-Colell, Whinston and Green (1995).



averse replaces the greater expected utility of the action that gives the ex-
pected value (rather than the distribution itself), that describes a risk averse
expected utility maximizer, with being expected to add greater probability
mass to the action that gives the expected value (rather than the distribution
itself).

Our first result shows that a learning rule is risk averse if and only if the
manner in which it updates the probability of the chosen action is a concave
function of the payoff it receives. This result allows us to develop a theory
of the risk attitudes of learning rules that is isomorphic to that of the risk
attitudes of expected utility maximizers. Our analysis, hence, provides a

bridge between decision theory and learning theory.?

In contrast to decision theory in which the agent selects an (optimal) ac-
tion based on her beliefs about the distributions over payoffs of each action,
a learning rule specifies how probability is moved among actions. There-
fore, we could ask if the manner in which the learning rule shifts probability
between actions results in the optimal action(s) being chosen with increased
probability. This motivates us to investigate monotonically risk averse learn-
ing rules, which require that the learning rule is expected to add probability
mass on the set of actions whose distributions second order stochastically

dominate those of all other actions, in every environment.

We provide a characterization of monotonically risk averse learning rules.
The result shows that how the learning rule updates the probability of un-
chosen actions, in response to the payoff obtained from the chosen action,
plays a critical role. This response has to be a convex function of the pay-
off for each unchosen action. Furthermore, every monotonically risk averse
learning rule satisfies a property we call impartiality. We say that a learning

rule is impartial if there is no expected change in the probability of playing

3For earlier attempts to relate decision theory and learning theory see March (1996)
and Simon (1956).



each action whenever all actions have the same payoff distribution. The
restrictions imposed by impartiality on the functional form of the learning
rule, together with the convex response of unchosen actions, imply that every

monotonically risk averse learning rule is risk averse.

We also characterize first order monotone learning rules which require
that the learning rule be expected to increase probability mass on the set
of actions whose distributions first order stochastically dominate all others.
We show that a learning rule is first order monotone if and only if it is im-
partial and the learning rule updates the probability of each unchosen action
according to a decreasing function of the payoff obtained from the chosen
action. This latter condition provides the analogue of the requirement that
Bernoulli utility functions are increasing in EUT. This paper, therefore, pro-
vides a classification of learning rules that is much like the manner in which
EUT classifies Bernoulli utility functions. In particular, our results allow us
to determine how any given learning rule responds to any distribution over

payoffs.

Our second and third characterizations provide a generalization of the
results obtained by Boérgers, Morales and Sarin (2004), who consider learn-
ing rules that are expected to increase probability on the expected payoff
maximizing actions in every environment. They call such rules monotone.
It is straightforward to show that monotone learning rules are monotoni-
cally risk averse and first order monotone. In Section 5 of this paper, we
show by example, that the class of monotonically risk averse and first order
monotone learning rules includes several well known learning rules that are

not monotone.

There are some papers that investigate how learning rules respond to risk.
March (1996) and Burgos (2002) investigate specific learning rules by way of
simulations. Both consider an environment in which the decision maker has

two actions, one of which gives the expected value of the other (risky) action
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with certainty. As in our paper, the learning rules they consider update
behavior using only the information on the payoff obtained from the chosen
action. For the specific rules they consider, they show that they all choose
the safe action more frequently over time. Denrell (2007) analytically shows
that a class of learning rules choose the safe action more frequently in the
long run. His result is obtained even if the decision maker follows an optimal

policy of experimentation.?

2 Framework

Let A be the finite set of actions available to the decision maker. Action
a € A gives payoffs according to the distribution function F,. We shall refer
to F' = (F},),c4 as the environment the individual faces and we assume that
it does not change from one period to the next. The agent knows the set
of actions A but not the distributions F. The decision maker is assumed
to know the finite upper and lower bounds on the set of possible payoffs

X = [Tmin, Tmax]- We may think of payoffs as monetary magnitudes.

The behavior of the individual is described by the probability with which
she chooses each action. Let behavior today be given by the mixed action
vector o € A (A), where A (A) denotes the set of all probability distributions
over A. We assume that there is a strictly positive probability that each
action is chosen today.” Taking the behavior of the agent today as given,
a learning rule L specifies her behavior tomorrow given the action a € A
she chooses and the monetary payoff + € X she obtains today. Hence, L :
Ax X — A(A). The learning rule should be interpreted as a “reduced form”

of the true learning rule. The true learning rule may, for example, specify

4For a discussion of the manner in which evolution may affect behavior toward risk see
Dekel and Schotchmer (1999) and Robson (1996a, 1996b).

5This assumption can be dropped with minor changes in the proofs though it would
require additional notation.



how the decision maker updates her beliefs about the payoff distributions
in response to her observations and how these beliefs are translated into
behavior. If one combines the two steps of belief adjustment and behavior

change we get a learning rule as we define.®

Let Ly 4 (a) denote the probability with which a is chosen in the next
period if @’ was chosen today and a payoff of x was received. For a given
learning rule L and environment F', the expected movement of probability
mass on action a is f (a) := Y. c4 00 | Liwa (@) dFy (2) — 0,.

Denote the expected payoff associated with F, by m,. Let the distribu-
tions over payoffs of actions other than a be denoted by F_,. The definition
of when a learning rule is risk averse requires that if we replace the dis-
tribution F, with another distribution F, which puts all probability on 7,
and keep F_, fixed, then the learning rule is expected to add more prob-
ability mass to a when it gives payoffs according to F, than when it gives
payoffs according to F,. This should be true for all a, F, and F_,. More
formally, we introduce a second associated environment F = (Fa, F,a> in
which F_a = F_,. Hence, environment F has the same set of actions as
environment F' and the distribution over payoffs of all actions other than a
are as in F. Let f (a) denote the expected movement of probability mass

on action a in the associated environment F'.

Definition 1 A learning rule L is risk averse if for all a and F, if E, places

all probability mass on m, then f (a) > f (a).

Risk seeking and risk neutral learning rules may be defined in the obvious
manner. As the analysis of such learning rules involves a straightforward

extension we do not pursue it further in the sequel. The risk aversion of

6Notice that we do not restrict the state space of the learning rule to be the probability
simplex A (A). The examples in Section 5 illustrate this.
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the learning rule may be considered a “local” concept as we have taken the
current state as given. If the current state of learning is represented by
an element s € S which is a subset of finite dimensional Euclidean space
then the risk aversion of a learning rule “in the large” could be considered
by defining a learning rule to be globally risk averse if it is risk averse at all
states s € S. This paper provides a first step in the analysis of globally risk

averse learning rules.

The contrast between when a learning rule is risk averse and when an
expected utility maximizer is risk averse is instructive. In EUT an individual
is called risk averse if for all distributions F;, the individual prefers F, to F,.

Hence, the von Neumann-Morgenstern utilities v satisfy

v() - / u(z)dF, (z) / u(2) dF, () = v (F)

where w (+) is often referred to as the Bernoulli utility function. A learning
rule is called risk averse if for all actions a and distributions F, the learning
rule is expected to add more probability mass to an action that gives 7w, with
certainty than to an action that gives payoffs according to F|, regardless of

the distributions F'_,. Hence, risk aversion in learning requires that

f(a) = Z Oq /L(a’,x) (a) dﬁa’ (fL‘)—O’a 2 Z Oq /L(a’,x) (CL) dFa’ (fL')—O'a - f (a) :

a’'€A a’'€A

Notice that, whereas v (.) in EUT depends only on the payoff distribution
of a single action, f(.) in learning theory depends on the distribution of the

entire vector of distributions.

3 Risk Averse Learning

In this section we state our results regarding risk averse learning rules and

their relationship to results concerning risk averse expected utility maximiz-
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ers. The following definition provides some useful terminology.

Definition 2 A learning rule L is own-concave if for all a, L) (a) is a

concave function of x.

A learning rule tells us how the probability of each action a’ € A is
updated upon choosing any action a and receiving a payoff z. Own-concavity
of a learning rule places a restriction only on the manner in which the updated

probability of action a depends upon x given that a is chosen.

Proposition 1 A learning rule L is risk averse if and only if it is own-

concave.

Proof. We begin by proving that every own-concave learning rule is risk
averse. Consider any own-concave learning rule L and environment F' =
(F,,F_,). Construct the associated environment F in which F, places all

probability mass on 7, (and F_, = F " o). By Jensen’s inequality,

Lama) (@) = / Lo (a) dF, (2)

<~
/ Liaw (a) dF, (z) > / Lo (a) dEF, (2)
<~
/L +%jaa/L(” a)dFy () — o,
/Lw ) dF, ( +§aa// e (@) dFy (2) — 0,
<~
f(a) > f(a).
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Hence, the learning rule is risk averse.

We now turn to prove that every risk averse learning rule L is own-
concave. We argue by contradiction. Suppose L is risk averse but not
own-concave. Because L is not own-concave there exists an action a, payoffs
2/, 2" € [Tmin, Tmax] and X € (0,1) such that

L(a,)\m’Jr(lf)\):B”) (a) < )\L(a,x’) (a) + (1 — )\) L(a’zu) (G) .

Now consider an environment F' in which F, gives x’ with probability A
and z” with probability (1 — \) and the distributions of the other actions
are given by F_,. Consider the associated environment F in which F,, gives
To = Az’ + (1 — X\) 2” with probability one. Hence,

/L(a@) (CL) dﬁ’a (1’) = L(a,ﬂa) (a)
< )\L(a,x/) (a) + (1 — )\) L(a@//) (a/)

= / Lo (@) dFg (2) .

which implies f (a) < f (a) by the argument above. Hence, the rule is not

risk averse as we had assumed and we obtain a contradiction. m

Proposition 1 shows that the own-concavity of a learning rule in learn-
ing theory plays an analogous role as the concavity of the Bernoulli utility
function in EUT. In the latter theory the curvature properties of a Bernoulli
utility function explain the individuals attitudes towards risk. In the theory
of learning, the manner in which the learning rule updates the probability of
the chosen action in response to the payoff it obtains explains how learning
responds to risk. The proof reveals that for any action a the distributions of
actions a’ # a do not play any role when we compare f (a) and f (a). This
has the consequence that the theory of risk averse learning rules is isomorphic

to the theory of risk averse expected utility maximizers.



For example, if L, (a) is a twice differentiable function of x, we can
adapt the well known Arrow-Pratt measure of absolute risk aversion (Arrow
(1965), Pratt (1964)) to find an easy measure of the risk aversion of a learning
rule.  Specifically, we define the coefficient of absolute risk aversion of a

learning rule L for action a as

_82[/((1733) (CL) /8%2
OL () (a) /Ox '

arpe () =

In EUT a distribution F,, is said to be more risky than another F, if both
have the same mean and every risk averse person prefers F, to F, (see, e.g.,
Rothschild and Stiglitz (1970)). In this case it is usually said that £, second
order stochastically dominates (sosd) F,. The following Corollary shows

that an analogous result applies in our case.

Corollary 1 F, second order stochastically dominates F, if and only if f (a) >

f (a) for all a for every risk averse learning rule.

Proof. f(a) > f(a) for every risk averse learning rule
<~
[ L (@) dF, (z) > [ Loz (a) dF, (x) for every own-concave L
—

Fa second order stochastically dominates F,. m

For risk averse learning rules, imposing the requirement that probabilities
of all actions must sum to one provides the obvious restrictions when there
are only two actions. However, few restrictions are imposed when there are
three or more actions. The property we study in the next section provides

such restrictions.
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4 Monotonic Risk Aversion

The definition of a risk averse learning rule was inspired by standard decision
theory. Learning, however, differs in many respects from choice. Whereas
in decision theory a single (and optimal) action is chosen, in learning theory
probability is moved between actions. For learning, it then appears rea-
sonable to ask whether probability on the optimal action is increased from
one period to the next. Our next definition introduces such a property.
Specifically, a learning rule is said to be monotonically risk averse if it is
expected to increase probability on the best actions, in a sosd sense, in every

environment.

Let A* denote the set of actions that second order stochastically dominate
all other actions. That is, A* = {a : F, sosd F,, for all «’ € A}. Clearly, if
A* = A we have that F, = F, for all a,a’ € A. For any subset Ac A, let

f (A) =3, _if (a).

Definition 3 A learning rule L is monotonically risk averse if in all envi-
ronments we have that f (A*) > 0.

Correspondingly, we say that a learning rule is monotonically risk seeking
if f(A*) < 0 in every environment and a learning rule is monotonically
risk neutral if it is monotonically risk averse and monotonically risk seeking.
The analysis of such rules is analagous to the analysis of monotonically risk
averse learning rules provided below. Note that, when A* is empty, expected
utility maximization by a risk averse agent places no specific restrictions on
behavior. This has the analogue, in this paper, that no restrictions are

placed on the movement of probability when A* is empty.

4.1 Characterization

The following definition introduces some useful terminology.
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Definition 4 A learning rule L is cross-convex if for all a, Ly (a) is con-

vex in x for all a’ # a.

We shall see in the next result that all monotonically risk averse learning
rules have the feature that if all actions have the same distribution of payoffs
then there is no expected movement in probability mass on any action. We

call such learning rules impartial.

Definition 5 A learning rule L is impartial if f (a) = 0 for all a whenever
F,=F, foralla,a’ € A.

The set of impartial learning rules is related to the unbiased learning rules
studied in Borgers, Morales and Sarin (2004). Unbiasedness requires that no
probability mass is expected to be moved among actions when all have the
same expected payoff. Clearly, the set of impartial learning rules is larger
than the set of unbiased learning rules. Furthermore, it is straightforward to
see that unbiased learning rules cannot respond to aspects of the distribution

of payoffs other than the mean.”

Proposition 2 A learning rule L is monotonically risk averse if and only if

(1) 00 =D wen 0L zy(a) for all a, and (i) L is cross-convex.

Our proof begins with two Lemmas. The first shows that all monoton-
ically risk averse learning rules are impartial and the second characterizes

impartial learning rules.

Lemma 1 If the learning rule L is monotonically risk averse then it is im-

partial.

"From the analysis below, it is not difficult to see that a learning rule is unbiased if
and only if it is monotonically risk neutral.
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Proof. The proof is by contradiction. Suppose L is monotonically risk averse
but there exists an environment F' with A = A* and f(a) > 0 for some a € A.
If F, does not place strictly positive probability on (Z,,in, Zmas ), then consider
the environment F' such that, for all action a € A, the probabilities of =,
and T,y are (1—¢) times their corresponding probabilities in the environment
F, and the probability of some = € (Zyin, Tmaz) is €. If F, places strictly
positive probability on (Z.,in, max), then let F = F. 'We now construct the
environment F in which ﬁa is a mean preserving spread of F\a and fa/ = F\a/
for all @’ # a. Specifically, suppose that F, is obtained by assigning to every
interval I C [Zpin, Tmaz] only (1 — €) times the probability it had under ]3@
and then adding (T, — Tmin)e/(Tmaz — Tmin) on the probability of z,,,, and
(Tmaz — Ta)€/ (Tmaz — Tmin) o0 the probability of x,,,,. By construction,
F, sosd F, for all @’ # a. Tt follows that A* = A\{a}. Since f(a) can be
written as a continuous function in €, there exists a small enough ¢ such that

f(a) > 0. This contradicts that L is monotonically risk averse. m

Lemma 2 A learning rule L is impartial if and only if for all a € A and
v € X, it satisfies 0, = ) Oar Liar 2y (a).

Proof. Necessity.
Consider an environment where all the actions pay = with probability
one. Then, for all a € A,

fla) = Z 0oLz (a) — oq.

a’'eA

Therefore, in order to be impartial L must satisfy

Oy = Z 0o Lig 2y (a).

a’'€eA

Sufficiency.
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Consider the environment F' such that F, = F, for all a, a’ € A.

fla) = Zaa/ (@) AFu(2) = 0

a'€A

_ /ZJQ,L” dFy(z) -

a’'€A

The second statement follows from the fact that all the distributions are the

same, and the third statement follows from the hypothesis. m

Proof. We now proceed to complete the proof of Proposition 2.
Sufficiency.
Consider a € A*

fla) = /L(M) )AF,( —i—Zaa/ vy (@)dFy(z) — 0,

/#a
— / Y owLiwa(a)ldF( +Zaa/L(a »(a)dFy(z) —
a'#a a'#a
= > ou / L.y (a)dFy(x) — / Liw .y (a)dF,(z)]

a'#a
> 0.

The second statement follows from Lemmas 1 and 2 and the last inequality
follows from the fact that a € A* and the convexity of the functions Ly »)(a)
for all o’ € A\{a}.

Necessity.

We argue by contradiction. Suppose that for some a € A and some
a' € A\{a}, L(w2)(a) is not convex. Therefore there exists 2’, 2", A € (0, 1)
and x := Az’ 4 (1= A)2" such that ALy zy(a) + (1= A) Ly 21 (a) < L z)(a).
Consider an environment where a’ € A\{a} pays 2’ with probablhty A, and

x” with probability (1 — \). Action a pays = with probability one, and all
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the other actions in the set, if any, pay x with probability 1 — e, 2’ with
probability e\, and z” with probability €(1 — ). Clearly, A* = {a}. From

the sufficiency part we know

fla) = Z Oul | Lwaw(a)dFy(r) — | L (a)dFy(z)]
> /
= Oy [)\L(a/@/) (a) + (1 — )\)L(a’,w”) (a) — L(a’,:p) (G)]
+e Y 0w an(a) + (1= A) Lgr o (@) = Ligr o (a)].

a'#a,a’

Therefore, for small enough ¢, f(a) < 0. =

Monotonic risk aversion places restrictions on how the learning rule up-
dates the probability of each unchosen action as a function of the action
chosen and payoff obtained. In particular, it requires this function be con-
vex in the payoff received, for each unchosen action. Furthermore, we show
that all such rules have the weak consistency property of impartiality. Be-
cause every impartial and cross-convex learning rule is own-concave we have

the following Corollary.

Corollary 2 FEvery monotonically risk averse learning rule L is risk averse.

4.2 First Order Monotonicity

In EUT a distribution F, is said to first order stochastically dominate (fosd)
another F, if every individual with an increasing (Bernoulli) utility function
prefers the former. In the context of our analysis, we would like to identify
the learning rules that are expected to add probability mass on the set of
actions whose distributions fosd the distributions of all the other actions, in

every environment. We call such learning rules first order monotone. Let
A :={a € A:afosd d for all a' € A}.
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Definition 6 A learning rule L is first-order monotone if f(A™) > 0 in

every environment.

First order monotone learning rules can be characterized in the same
manner as monotonically risk averse learning rules. In particular, these
rules need to be impartial but instead of being cross-convex they require the
response of the probabilities of playing the unchosen actions to be decreasing

in the obtained payoff.

Definition 7 A learning rule L is cross-decreasing if for all a, Lyy) (a) is

decreasing in x for all a’ # a.

Proposition 3 A learning rule is first-order monotone if and only if (i)

Oa = D wenOa Lz (a) for alla € A and (i) L is cross-decreasing.

Proof. See the Appendix. m

The notion of risk averse learning of Section 3 may be extended to first
order stochastic dominance in a similar manner. We can identify a set
of learning rules such that for every action a and distribution F,, if that
distribution is replaced by a distribution ﬁa, such that ﬁ’a fosd F,, then
fla) > f(a), in every environment F. It is easy to show that this set of
learning rules is equivalent to the set of learning rules for which L, .)(a) is

increasing in x for all a € A.

5 Examples

The Cross learning rule (Cross (1973)) is given by

Lz (a) = o+ (1—0,)x
Ly (a) = o,—0x Vd' #a,
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where x € [0,1]. It is easily seen that the Cross learning rule is impartial.
Furthermore, its cross-components are affine transformations of . Therefore
this rule is monotonically risk neutral and hence it is also risk neutral. It is

also clearly first order monotone.

The Roth and Erev (1995) learning rule describes the state of learning s
of an agent by a vector v € Rlﬁr. The vector v describes the decision makers
“attraction” to choose any of her |A| actions. Given v, the agents behavior
is given by 0, = v,/X4 vy for all a. If the agent plays a and receives a payoff
of x then she adds = to her attraction to play a, leaving all other attractions

unchanged. Hence, the Roth and Erev learning rule is given by

Vg + T
L = —
(a,x) (CL) S Ugr +
v Uq
(a\7) (CL) S Ui +_£L‘ Va' 7é a,

where x € [0, Tyayx] and the superscript v on the learning rule defines it at
that state of learning. Using Lemma 2, it is easy to check that this rule
is impartial. Observing that the cross-components L{,, ,) (a) are decreasing
convex functions of x for all a’ # a, we see that this learning rule is first order
monotone and monotonically risk averse. The coefficient of absolute risk
aversion of this learning rule is ary, = 2/ (v, + z) for all a. Clearly, ary,
decreases as X, v, increases and hence this learning rule exhibits declining
absolute risk aversion. Note that this rule satisfies none of the properties
studied by Borgers, Morales and Sarin (2004) who have shown that this rule

is neither monotone nor unbiased.

Our next example considers the weighted return model studied in March
(1996). This learning rule is risk averse but may not be monotonically risk
averse. The state of learning is described by a vector of attractions v € R‘Jﬂ.
Given v, the agents behavior is given by 0, = v,/ v, for all a. If action a

is chosen and receives a payoff of x then she adds 5 (x — v,) to her attraction
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of a, where § € (0,1) is a parameter, leaving all other attractions unchanged.

Thus, the learning rule may be written as

’ Y aneaVar + BT —v4)
Va
G2y (@) Va' # a,
(a'2) Za//eAUa”+ﬁ(x_Ua’)
where € [0, Zmax]. It follows that this learning rule is risk averse (as

LY, » (a) is a concave function of z). However, this learning rule is monoton-
ically risk averse and first order monotone only if v, = v, for all a,a’ € A
(because otherwise it fails to be impartial). The analysis of the average re-
turn model studied by March (1996) which replaces § with 5, = 1/ (k. + 1),
where k, is the number of times action a has been chosen in the past, is

similar.

Another learning rule that has received considerable attention is the lo-
gistic fictitious play with partial feedback studied by Fudenberg and Levine
(1998, section 4.8.4). The agent is described by the | A| X2 matrix (v, x) where

Kk, denotes the number of times action a has been chosen, k = (k,) and

acA’
v = (Vq),ec 4 gives the vector of attractions. The next period attraction of an
action that was chosen today is its current attraction plus (x — v,) / (ko + 1).
The attractions of unchosen actions are not updated. The learning rule is

specified as

eva‘f‘(ﬂ?—va)/(“a"'l)

6UE+($7U0,)/(K¢Z+1) + Za/;éa e'Ua/

Va

LE}(;’?x) (a’)

€
eva'—‘r(m_va’)/(’ia’—’—l) —|— Za”#a/ eva”

L’U,H ) (a)

(a' )z

Va' # a
This learning rule is neither risk averse nor risk seeking because the curva-

ture of L?é'fm) (a) depends on the payoff obtained. Specifically, Lz’fm) (a)

is concave in = (at o) for the part of the domain in which z > v, +
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(ke +1)[In(1 —0,) —Ino,| and is convex otherwise. Nevertheless, this rule
is first order monotone when v, = v, and k, = Ky for all a,a’ € A. The
analysis of the risk attitudes of several other learning rules (e.g. minimal in-
formation versions of Camerer and Ho (1999) and Rustichini (1999)), which
use a logistic transformation of the attractions to obtain the probabilities

with which each action is chosen, is closely related.

6 Discussion

In models of learning probability distributions over actions change from one
period to the next in response to some experience. Monotonic risk aver-
sion focuses only on the manner in which the probability of the best actions
being chosen changes from one period to the next. This parallels decision
theory’s focus on the best action. However, for learning, we could look at
the entire probability distribution chosen in the next period. Noting that
this probability distribution on actions generates a (reduced) distribution
over payoffs, which is a weighted average of the payoff distribution of each
of the actions, we could ask whether the learning rule is such that expected
behavior tomorrow generates a distribution over payoffs which second order
stochastically dominates that of today in every environment. Such a prop-
erty turns out to be too restrictive. It can be shown that, in environments
with only two actions, the only learning rules which satisfy this condition are
the unbiased rules studied by Borgers, Morales and Sarin (2004). Unbiased
rules exhibit zero expected movement in probability mass when all actions
have the same expected payoffs. Such rules satisfy the above condition in
a trivial manner because the expected distribution tomorrow is the same as

today.® Restricting the set of environments on which the improvement is

8Tt can also be shown that unbiased learning rules are the only learning rules which
are continuous in z for all a,a’ € A and satisfy ) (0, + f (a)) F, sosd ), 04 F, in every
environment.
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required would lead us to identify a larger class of learning rules.” We do

not pursue this approach in the current paper.

All the properties we have studied in this paper have referred to the
expected movement of a learning rule. This arises naturally when describing
the behavior of the population of individuals each of whom faces the same
decision problem. The expected movement of a learning rule has also been
studied on many previous occasions when interest has focused on the long
run properties of a learning rule. As is well known under conditions of
slow learning the actual movement of a learning rule closely approximate it’s
expected movement.'® Combining properties of the expected movement and
of the speed of learning inform us about the long term properties of learning

rules.

This paper has focused on short term and local properties of learning.
Often, however, the long run properties of learning rules are of interest and
such an analysis requires us to look at properties that hold globally. That
is, the local property would need to hold for each state of learning. This
subject, which would require the analysis of risk attitudes at each state of
learning, is outside the scope of the present study and we leave it for future
work. For the examples we discussed in Section 5, we are often able to say
if the learning rule is globally (monotonically) risk averse. This is obviously
true for the Cross learning rule and the Roth and Erev learning rule which
are monotonically risk neutral and monotonically risk averse at all states,
respectively. The weighted return model of March is globally risk averse
though not globally monotonically risk averse and the logistic fictitious play

learning rule is not globally risk averse.

9For example, we could consider learning rules that satisfy >, (0, + f (a)) F,, sosd
> 0aF, in every environment that is completely ordered by the sosd relation. It can be
shown that a learning rule is continuous in payoffs and satisfies this condition if and only
if it is monotonically risk averse.

10See, for example, Borgers and Sarin (1997).
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APPENDIX

Proof of Proposition 3
We begin with the following Lemma, the proof of which closely parallels
that of Lemma 1.

Lemma 3 FEwvery first-order monotone learning rule L is impartial.

Proof. We argue by contradiction. Consider an environment F' with A =
A* and suppose that f(a) < 0 for some a € A. Now we construct an
environment F where A** = {a}. We construct ﬁa by assigning to every
interval I C X only (1 —¢) times the probability it had under F, and adding
£ to the probability of Zmax. We construct Fy for all @’ € A\{a} by assigning
to every interval I C X only (1 — ¢) times the probability it had under F,
and then adding ¢ to the probability of x,;,. Clearly, A = {a}. Since
f(a) can be written as a continuous function in €, for small enough ¢ we have

f(a) < 0. Therefore L is not first-order monotone. m
The proof of the Proposition follows.

Proof. Necessity.

The necessity of (i) follows from Lemma 3 and Lemma 2. To prove the
necessity of (i7) we argue by contradiction. Suppose that for some a € A
and o’ € A\{a}, there are x and ' with 2’ < = and Ly 4)(a) > L o (a).
Consider the environment I’ where action a pays x with probability one and
action @’ pays z’ with probability one. All the other actions a” € A\{a,a'},
if any, pay x with probability 1 — ¢ and x’ with probability . Clearly,

A** = {a}. From Lemma 2 and Lemma 3, we have that

r@ = Low| [ Lwn@afu) - [ Lun@iro)]

a'#a
= Oy [L(alvx/)((z) — L(a/,x)(a)] + € Z T g [L(a”,x’)<a> — L(a”,ac)(a)] .

a''#a,a’
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For small enough ¢, f(a) < 0, which contradicts first-order monotonicity.

Sufficiency.

As in the proof of Proposition 2, consider a € A**, then

fla) = ;0 [ / L 2y (a)dF () — / L(a/,x)(a)dFa(x)}
> 0.

The last inequality follows from the fact that a € A*™ and the fact that
Ly 2)(a) is decreasing for all ' € A\{a}. =
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