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1 Introduction

Models defined by moment inequalities (and possibly some equalities) have gained substan-
tial popularity over recent years as researchers try to move away from ad hoc structural
assumptions in various areas of economicsﬂ Model selection problems in this context arise
naturally when researchers consider more than one economic theory, each generating a
set of moment inequalities, or when they consider different parametrizations to form the
moment functionsﬂ Because moment inequality models are non-traditional in the ways
discussed shortly below, existing model selection methods (e.g. Vuong (1989), Kitamura
(2000), AIC, or BIC) are not readily applicable. When the candidate models are nested,
the emerging literature on inference for moment inequality models sometimes can be used
to choose the best modelﬂ However, the procedures in this literature are inapplicable when
the competing models are nonnested.

This paper provides a way to select the better model from two competing nonnested
moment inequality models. We design quasi-likelihood-ratio tests for the null hypothesis:
both models are equally close to the true data distribution in terms of the Kullback-Leibler
(KL) divergence. When the null does not hold, the tests direct the researcher to the model
that is closer to the true distribution with probability approaching one. Our tests are
relatively easy to compute for two reasons. First, they use standard normal critical values.
Second, although the sample criterion functions can have multiple (or even a continuum of)
maximizers due to partial identification, one does not need to compute all the maximizers
to implement the tests.

Moment inequality models are non-traditional in two ways. First, parameters in these
models typically are not point-identified. For that reason, the maximizers of a sample
criterion function do not converge to a point in the parameter space. Thus, traditional
model selection methods that rely on the asymptotic normality of the maximizers do not

apply. We show that the sample maximizers approach a pseudo-true set as the sample size

!They have been used to model discrete games with multiple equilbria (Andrews, Berry, and Jia (2004),
Ciliberto and Tamer (2009)), to deal with missing or interval data (Manski and Tamer (2002)), to study
dynamic games that are otherwise too complicated to analyze empirically (Pakes, Porter, Ho, and Ishii
(2007), Pakes (2009)) and to increase the precision of estimators in dynamic macroeconomics models (Moon
and Schorfheide (2006)).

?Examples are given in Section

3 A non-exhaustive list of papers on estimation and inference of moment inequality models includes
Chernozhukov, Hong, and Tamer (2007), Andrews and Jia (2008), Bugni (2008), Canay (2008), Romano
and Shaikh (2008) Andrews and Guggenberger (2009), Andrews and Soares (2010) and Andrews and Shi
(2009).



approaches infinity. With this result, we then use a special sandwich technique to derive
the asymptotic distribution of the quasi-likelihood-ratio statistic in order to develop the
test for non-overlapping models.

Second, moment inequality models have slackness parameters whose (pseudo-) true
values are on the boundary of the parameter spaceﬂ The parameter-on-the-boundary
problem makes the criterion function for the original model parameters non-differentiable
even in the limitﬂ The non-differentiability can occur anywhere in the original parameter
spaceﬂ Thus, the first-order-condition method or the standard quadratic approximation
method cannot be used to derive the convergence rate of the estimators. We construct
quadratic bounds for the sample and population criterion functions. By combining those

bounds, we show that the sample maximizers approach the pseudo-true set at n~/2

-rate,
which is the rate we need in order to develop the test for overlapping models.

A testing procedure similar to ours is first proposed in Vuong (1989) for fully parametric
models that can be estimated using maximum likelihood (ML). Kitamura (2000) extends
the Vuong test to models defined by moment equalities that cannot be estimated using
ML. Kitamura (2000) employs exponential tilting estimation, which is adapted to moment
inequality models in the current paper. Chen, Hong, and Shum (2007) combine ML and
empirical likelihood and propose a Vuong-type procedure to select between a parametric
model and a moment equality model. All three papers assume that the true parameters
are point-identified and are in the interior of the parameter space — assumptions that
are suitable for parametric models and moment equality models, but not suitable for the
moment inequality models considered in this paper.

In addition to addressing the partial identification and parameter-on-the-boundary
problems, another important feature distinguishing our tests from the other Vuong-type
tests is that we choose the critical values based on uniform asymptotics which guarantee
correct asymptotic sizes of the tests. Vuong-type tests with critical values chosen based on
pointwise asymptotics may have size distortion when the candidate models are overlapping.

The reason is that the pointwise asymptotic distributions of the test statistics are discon-

*The slackness parameter for a moment inequality model, Em(X;,0) > 0, is a = Em(X;,0). One can
view the moment inequality model as a moment equality model with the augmented parameter, (6',a’)":
Em(X;,0) —a = 0. The space of a is Rim. The true value of a is on the boundary of Rim whenever a
moment inequality holds as an equality under the true data distribution. In this example, {X;} is the data,
m is a R¥-valued moment function and 6 is a finite-dimensional parameter.

This makes our problem unlike the quantile regression problems, where the sample criterion functions
are non-differentiable but the probability limits of them are.

Therefore, there is no straightforward way of writing down the left /right derivatives.



tinuous in the model parameters. When the true parameters are close to the discontinuity
point, the finite sample distributions of the test statistics are not well approximated by
their pointwise asymptotic distributions. The poor approximation causes size distortion
in finite samples (Shi (2009)). We choose our critical values taking into consideration the
distributions of the test statistics near the discontinuity and by doing so control the finite
sample null rejection probabilities of the tests uniformly over the composite null.

An alternative to our Vuong-type framework is the Cox-type nonnested hypothesis
testing framework. For a Cox-type test, the null hypothesis is that a model P is correctly
specified and the alternative hypothesis is that an alternative model Q is correctly specified.
Though frequently used to choose one model from multiple candidate models, Cox-type
tests are intended as a procedure for model evaluation rather than model selection. A Cox-
type test does not have a clear interpretation when both models are misspecified. For details
on Cox-type tests, see the seminal paper by Cox (1961), the survey papers by Gourieroux
and Monfort (1994) and Pesaran and Weeks (1999), generalizations to the encompassing
principle by Mizon and Richard (1986), and the extension to moment equality models by
Ramalho and Smith (2002). It is of interest to extend the moment encompassing principle
to partially-identified moment inequality models possibly using some of the techniques
developed in this paper. We leave this to a separate project.

The rest of the paper is organized as follows. Section [2] introduces the model selec-
tion problem for moment inequality models and gives a few examples. Section [3| presents
preliminaries on the pseudo-distance measure and the solution to the distance-minimizing
problem. Section [4] describes the tests, one for non-overlapping models and the other for
overlapping models. Sections [5] and [f] establish the asymptotic size of the test for non-
overlapping models and that for overlapping models, respectively. Section [7] determines
the power properties of the tests. Section |8 presents Monte Carlo simulation results for an
entry game example. Section [9] concludes. The proofs are in the appendix.

We use N;(60) to denote a closed ball centered at 6 with radius d, || - || to denote the
Euclidean norm, and "<<" to denote "is absolutely continuous with respect to (w.r.t.,
hereafter)". We use X; to denote an observation, X to denote the space on which X; is
defined. We use P and Q to denote the candidate models, and P and ) to denote generic
distributions in P and Q, respectively. We use p to denote a generic true distribution
on X, which does not necessarily belong to either of the models. We use greek letters 6
and (§ to denote the finite-dimensional parameters in the models, © and B to denote the

corresponding parameter spaces, and m and g to denote the moment functions.



2 Model Selection Problems

We consider two moment inequality/equality models P = Jycg Po and Q = Uﬂe 593,
where Py and Qg are the set of distributions that are consistent with the moment conditions

for parameters 6 and f3, respectively:

P, — P:Epmj<Xi,9):0fOI‘j:1,...,dp,
°- Epmj(X;,0) >0for j=d,+1,...,dn

(2.1)

04 — Q: Eqgj(X;,B)=0forj=1,..,dg4,
’ Eqgj(X;,B) > 0for j=dg+1,...,dy |

In the above equation, {X; € X'}7; is arandom sample generated from p, m = (mz, ..., mgq,,
Mp+1, "'7mdm) and g = (gla < 9dgs 9q+1, ""gdg)
tions known up to the finite-dimensional parameters 6 and S, respectively, © C R%,
B C R%, and Ep denotes the expectation under the distribution P. The true distribu-

tion © may or may not belong to either model. Model P is called correctly specified if

!/ /!

are R% and R%-valued moment func-

1 € P and is called misspecifed otherwise. The parameters § and S may or may not be
point-identified.

The goal of this paper is to compare models P and Q and select the one that is closer
to the true distribution p in terms of a pseudo-distance measure. Let d(P, 1) be a pseudo-
distance between a distribution P and p. The pseudo distance from a model P to u is
defined by d(P, u) = infpep d(P, ). We want to construct model selection tests for the
null hypothesis

Hy : d(Pvu) =d(Q, p). (22)

The choice of d is discussed in the next section.
Now, we give a few illustrative examples of model selection problems in the context of

moment inequalities. We present a Monte Carlo simulation for Example 3 in Section

Example 1 (Interval Outcome in Regression Models). Consider the regression
models with interval outcomes from Manski and Tamer (2002). A model selection problem
of potential interest is selecting different regressors or functional forms for the regression
functions. Let Y be a latent random variable (e.g. wealth) that is not perfectly observed.
Only an upper bound, Y, and a lower bound, Y, on Y are observed. Let X be a vector

of explanatory variables and Y = r(X, 0) 4+ &, where r is a function known up to a finite-



dimensional parameter . Let Z be a vector of potential instrument variables such that
E(e-1(Z)) = 0 for some positive (vector-valued) function I of Z. Then, the models P and
Q are:

P ={P:Ep[(Y —ri(X,0)I(Z)] >0 & Ep[(r1(X,0) - Y)I(Z)] >0, 0 € ©}
Q = {Q: EQ[(Y —r2(X, B))I(Z)] =2 0 & Eql(r2(X,B) —Y)I(Z)] 2 0, B € B}, (2.3)

where 71 and ro are two regression functions. Note that the distributions P and ) are
defined on the space of the observed random variables (Y, Y, X, Z).

Another model selection problem arises when one considers a different choice of instru-
ments. The formulation of the competing models is similar to , except that 1 and ro

are the same and we have I; instead of I in model P and Is in model Q.

Example 2 (Interval Regressor in Regression Models). Consider the regression
models with interval regressors from Manski and Tamer (2002). Let Y be a continuous
dependent variable, v be a regressor that is not observed perfectly but in intervals [v, 7]. Let
X represent other regressors. Assume that F(Y|X,v) = f(z,v,0), where f is a function
known up to the finite-dimensional parameter §. Manski and Tamer (2002) assume that f

is weakly increasing in v, and obtain the following moment inequality model:

P = {P: Ep[(Y — f(X,0,0)I(X,0,7)] 2 0
& Ep[(f(X,7,0) — Y)I(X,0,7)] > 0,0 € 0}, (2.4)

where I(X,v,v) is a vector of positive instrument functions[] On the other hand, if we

assume that f is weakly decreasing in v, we have a different moment inequality model:

Q ={Q: Eg[(f(X,v,8) —Y)I(X,v,7)] >0
& Eql(Y — f(X,7,8)I(X,v,7)] >0, B € B}. (2.5)

By comparing models P and Q, one can determine the sign of df/0v, which sometimes is

the objective of investigation.

Example 3 (Entry Game — Cross-firm Effect). Consider the entry game example
from Andrews, Berry, and Jia (2004) and Ciliberto and Tamer (2009). Model selection

"Note that the probability measure P’s are defined on the space of (Y, X, 7, v).



tests in this context can be used to determine the sign of the cross-firm effect. Consider a

2 X 2 entry game with the following payoff matrix:

Firm II
0 1
FirmI 00,0 0, X505 — &9
1| X101 —¢1,0 | X101+ a1 —e1, Xoba+ ag — &2

The observable random variables are the market characteristics X = (X7, X2)" and the
game outcome Y. The variable Y may take four values: (0,0), (0,1), (1,0) and (1,1),
where the first number in the parenthesis is the equilibrium action of firm 1 and the second
number, the equilibrium action of firm 2. The coefficients 1 and 0, are the marginal effects
of the characteristics X on profits, and €; and €5 are the unobserved components of the
firms’ profits. The parameters a; and ao are the cross-firm effects, which are the effects of
the firms on their opponents’ profit when they are on the market at the same time.

Let I, ¢, (-, ;0¢) denote the joint c.d.f. of 1 and €2, F;, (+;6.) the marginal c.d.f. of
e1, and Fg,(+;0.) the marginal c.d.f. of 9. The c.d.f.s are known to the econometrician up
to the finite-dimensional parameter 6.. Assume that the firms have full information about
their own and their opponents’ payoffs and play a simultaneous-move Nash game.

Andrews, Berry, and Jia (2004) and Ciliberto and Tamer (2009) assume a; < 0 and

az < 0 and obtain the following moment inequality model:

P ={P:Eplp;(X,0) —1(Y =j))I[(X)] =0, for j = (0,0) or (1,1)
EP[<pj(X79) - 1(Y :]>)I(X)] >0,7=1(0,1), or (170)
0 = (01,05, a1,a2,0.,) € O}, (2.6)

where I(X) is a vector of positive instrument functions, and

P,0)(X,0) = 1 — F., (X101 0:) — Foy(X3502;0.) + Fr, oy (X161, X502; 6:)
Po1)(X,0) = F,(X302;0:) — Fry oy (X101 + a1, X302;0.)

P(1,0) (X,0) = F.,(X101;0:) — F., o, (X161, X502 + az;6.)

pan(X,0) = F. e, (X101 + a1, X502 + az; 6.). (2.7)

There are reasons to be unsure about the signs of a; and as in some markets. If we



assume a1 > 0 and ag > 0, we obtain a different moment inequality model:

Q ={Q: Eql(p;(X,8) = L(Y = j))I(X)] 2 0, for j = (0,0) or (1,1)
Eql(pi(X,8) = 1(Y = ) [(X)] = 0, j = (0,1), or (1,0)
/3 = ( &,9&,&1,&2,9’5,), S B}, (2.8)

where p;, 7 = (0,0), (1,1), (0,1) and (1,0) are defined in (2.7).
A model selection test comparing the two models can determine the signs of the cross-

firm effects.

Example 4 (Entry Game — Choosing Information Structure) Model selection test
also can be used to choose the information structure of a game-theoretical model. Berry
and Tamer (2006) show that the entry game described in Example 3 can be modeled
by a different set of moment inequalities, if we assume that the firms do not know their
competitors’ idiosyncratic profits (€1, £2) but have beliefs about the distributions of (1, e2).
By comparing the new moment inequality model to P (or Q) in Example 3, one can

determine which information structure is more appropriate.

3 Preliminaries on the Pseudo-distance Measure

There are many possible choices of pseudo-distances on the space of probability distri-
butions. One may prefer one distance to another in a specific problem. Since we deal
with a generic problem, we choose the Kullback-Leibler (KL) divergence — defined below —
for convenience and for its analogy to the likelihood principle in parametric models. Our
results can be extended to the more general f-divergence family which includes the KL
divergence, the quadratic distance and the Hellinger distance (Csiszar and Shields (2004),
Kitamura (2007)). The KL divergence from P to u is

[ pulogpudp if P << p
00 otherwise

d(P, p) = { (3.1)
where p,, is the density of P with respect to . The pseudo-distance above also is called
the I-divergence, or the relative entropy of P to u. For moment condition models, the KL
divergence motivates the exponential tilting estimation (Kitamura and Stutzer (1997)) and
the empirical likelihood estimation (Qin and Lawless (1994)).



The rest of the discussions in this section — with the exclusion of the formal assumptions
and lemmas — are in terms of model P, but they apply to model Q as well.
In order to measure the distance from the model to the true distribution, one needs to

solve the minimization problem inf pcp d(P, p1). The problem is solved in two steps:

inf d(P,u) = inf inf d(P,p), 3.2
B P10 = ok gk, A0 )
where Py is defined in (2.1). The first step infpep, d(P, 1) is an infinite dimensional min-
imization problem and can be solved through a finite-dimensional dual problem. The
second step is a finite-dimensional minimization problem which may have multiple solu-
tions because model P may be partially-identified. We discuss both steps in the following

subsections.

3.1 The Dual Problem

The first step minimization inf pep, d(P, i) has a unique solution, if the solution exists. The
reason is that d(P, p) is strictly convex in P and the set Py is defined by constraints linear
in P and thus is convex. We follow Csiszar (1975) and call the solution to infpep, d(P, )
the I-projection of p on Py. Denote the I-projection as Pl

For models defined by equality constraints, Csiszar (1975) gives sufficient conditions for
the existence of P;‘ﬁ and shows that inf pep, d(P, i) has a finite-dimensional dual problem
under those conditions. We adapt Csiszéar’s (1975) approach to the context of moment
inequality models. The sufficient conditions are given in Assumption 1.

For a data distribution p, let the Lagrange multipliers for each 6 and § be

Vp(0) = arg  min  E,exp(y'm(X;,0)),

YERE X RY™ P
AZ(B) = arg dmind y E, exp(Ng(X5, B)), (3.3)
NeR% xRl
where Roo = RU {00, —0co} and Ry o = Ry U{oco}. For every 0 € ©, v;,(0) is uniquely

defined under Assumption 1(a) below.

Assumption 1. (a) For all € ©, E,||m(X;,0)||* < oo and E,[m(X;, 0)m(X;,0)"] is
positive definite,

(b) for all 0 € O, [[7;,(0)]| < 00, and



(c) parts (a)-(b) hold with g, 5 and X in place of m, 6 and ~.

Assumption 1(a) is a standard assumption in the literature of moment condition mod-
els. Assumption 1(b) requires the model not to be too misspecified. We give a sufficient

condition that is easy to verify for Assumption 1(b) in Assumption 1(b)*.
Assumption 1(b)*. For all € © and all v € R% x Rim_dp, Pr,(v'm(X;,0) > 0) > 0.

Assumption 1(b)* states that for all § € O, any linear combination of the moment
functions with weights in R% x Rim_d” is positive with positive probability. Under
Assumption 1(b)*, Pr,(v'm(X;,0) = oo0) > 0 for any v € R% x Ri’?o;dp such that
||7] = oc. Thus, E, exp(y'm(X;,0)) = oo for these ’s. Because £, exp(v7,(0)'m(X;,0)) <
By exp(0'm(X;,0)) = 1, we have [|v;(0)|| < oo, i.e., Assumption 1(b) holds. Assump-
tion 1(b)* is violated, for example, when the model is P = {P : Ep(Xy1,; — 6) > 0,
Ep(0 — X2;) > 0}, and X1; < Xo; a.s. [u]f

Lemma 1 below establishes that infpep d(P, 1) is attained and can be solved through
a finite-dimensional dual problem under Assumption 1.

For a data distribution pu, Let the dual criterion functions for the two models be
Mu(7,0) = Eyexp (Y'm(X;,0)) and N,(A, B) = E exp (N g(X;, 8)). (3.4)

Lemma 1. Suppose Assumption 1 holds. Then,
(a) for all 0 € O, the I-projection, P;Q, of 1 on Py exists and its density w.r.t. u is

Pi () = exp (7.(0)'m(z,0)) /My (+7,(0),0),

(b) for all 6 € ©, d(Pg, p1) = —log[M,.(v},(6),0)],
(¢) parts (a)-(b) hold with g, 8, A\, Q, Q and N in place of m, 6, ~v, P, P and M.

Lemma 1(a) shows that the infimum infpep, d(P, ) is attained at P;,. Lemma 1(b)
shows that the infimum can be obtained through solving the finite-dimensional dual prob-

lem: minve Rip 5 gim—dp M, (7, 0). Note that the nonnegativity constraints in the dual prob-
+

lem reflect the inequality constraints in the primal problem.

8To check that, pick a = (1,1)". Then, Pr,(a'm(X;,0) > 0) = Pr,(X1,; — X2; > 0) = 0.

10



3.2 The Pseudo-true Set and the Pseudo-true Distribution

The second step infimum in (3.2)), infpce d(Py, ), is attained if d(Py, 1) is continuous in 0

and © is compact. These are guaranteed by Assumption 2 below.

Assumption 2. (a) © and B are compact, and
(b) for all 0 € © and 8 € B, m(X;,0) and g(X;,3) are continuous in 6 and S a.s. [u],

respectively.

Assumption 2(a) is a standard assumption on the parameter space. Assumption 2(b)
requires the moment functions to be almost surely continuous in the parameters.
Lemma 2 below shows that the infimum infycg d(Py, 1) is attained and has a saddle-

point dual representation.

Lemma 2. Suppose Assumptions 1 and 2 hold. Then,
(a) there exists a 6" € © such that M, (v},(0%),0%) = supgee M, (7},(0),0),
’YGRdI’ XRj_m_dp MM(’.% 9):| s and
(¢) parts (a)-(b) hold with g, 8, \, q, @, Q and N in place of m, 0, v, p, P, P and M.

(b) d(P, n) = —log |:maX9€@ min

Remark. The function v}, (0) usually has kinks because of the nonnegativity constraints
in the minimization problem that defines it. This reflects the parameter-on-the-boundary
problem discussed in the introduction. At the kinks, 7},(€) is not differentiable in 6. The
kinks can occur anywhere in ©. Thus, the population criterion function, M, (v},(9), ), for
0 is non-differentiable even in the interior of ©. The non-differentiability requires a new
approach to derive the convergence rate of the estimators of the pseudo-true set (defined
below).

Because model P may be partially-identified, M, (v},(¢),¢) may have multiple maxi-
mizers. We call the set of maximizers the pseudo-true set:
O} = argmax M, (7,,(0),0). (3.5)
The concept of "pseudo-true set" is generalized from the "pseudo-true parameter" concept
in the literature of point-identified misspecified models. The prefix "pseudo" signifies the
possibility that the model may be misspecified.

It is easy to confuse the partial identification of the parameters in a model P with

the non-uniqueness of the solution to minpep d(P, ). However, the two types of non-

11



uniqueness come from separate sources. The former may occur when the model is incom-
pletely specified or when there are redundant parameters. As a result, one data generating
process may be consistent with multiple parameter values. The latter may occur when P
is misspecified and non-convex. Since moment inequality models are not more likely to be
non-convex than moment equality models or parametric likelihood models, we adopt the
tradition in the model selection literature and assume that the solution to minpep d(P, p)
is unique. We call the unique solution the pseudo-true distribution of model P under
p, and denote it by P;. Then,

d(Py, p) = d(P, p). (3.6)

We define the pseudo-true distribution of model Q under p in the same way and denote it

by @},- The following assumption states the uniqueness of the pseudo-true distributions.

Assumption 3. The pseudo-true distributions, Py and Q},, of models P and Q, respec-

tively, are unique under .

Remark. The same assumption is made in Vuong (1989), Kitamura (2000), Chen, Hong,
and Shum (2007), as well as in the quasi-maximum likelihood literature (e.g. White (1982)).
These authors assume that there is a unique pseudo-true parameters, which implies the
uniqueness of the pseudo-true distribution. Our assumption 3 is weaker, as it allows for

the non-uniqueness of the pseudo-true parameters that is caused by partial identification.

Assumption 3 implies that Fj = Pj. = Pj for all 6, ¢* € ©;,. Thus, by Lemma 1(a)
Y5 (0)'m(X;,0) = 7,(07) m(X;,0%) a.s. [u] for all 6,6" € O, (3.7

This property is useful in deriving the asymptotic normality of the quasi-likelihood ratio

statistic (see below).

4 Model Selection Tests

In this section we introduce the test statistics first. Then, we formally define non-overlapping
models and overlapping models and discuss how the relationship between candidate models
affects the asymptotic distributions of the test statistics. Finally, we describe the model

selection tests.

12



4.1 Test statistics

We define the test statistics in this section and give informal discussions on the asymptotics
in order to introduce the tests.
Lemma 2(b) in the previous section implies that the null (2.2)) can be written as

Hy : max M, (7,,(0),0) = max N, (X,(8), ). (4.1)

The test statistics are based on the sample analogues of maxgee M, (7},(0), ) and maxsep

Let

Ma(7,0) =™ exp(y/m(X;,0)) and Ny(A, B) =Y exp(Ng(Xi, 8)).  (4.2)
=1 =1
Let

— ~ ~

A,(0) = arg min M (7,0), \(B) = arg min N (A, B),

yERW XRimidp AeR%q ><Rig*dq
0, = arg max /\7”(%(0), 6), and B, = arg max/\A/'n(j\n(ﬂ),B), (4.3)
) 5eB

where O,, and B,, are not necessarily singletons.

We use the quasi-likelihood ratio statistic:

i§z:§n/::§g§§)51n(ﬁn(9),9)-ggggfvh(ﬂn(ﬁ),ﬁ)- (4.4)

As we show in later sections, under Hy and appropriate conditions,

n1/267L\Rn —d N(O,wi), where
W2 = Eu[exp (vi(07)m(X:,0%) —exp (NL(B*)9(Xi, 89)]%, (4.5)

with 6* € ©7, and §* € B} [

By lj wi is invariant to the choice of 8" € ©}, and §* € B;,.

13



To form the tests, we also use a variance statistic: &2 = SUDgco, se ©2(6, 8), where

G2(0,8) =n 'Y [exp (7,(0)m(X:, 0)) —exp (Aa(8)9(Xi, ). (46)
=1

The "sup" in the definition of @i is not important either in the asymptotic theory or in
practice. In theory, all the results in this paper go through with @i defined to be @i(@n, Bn)
for any arbitrary 0, € ©, and Bn € B,. In practice, different choices of 6,, and Bn in O,
and B, typically produce the same @%(9,1, Bn)
Under Hy and appropriate conditions
w, @ —p 1if w? > 0 and n@f = Oy(1) if w?, = 0. (4.7)
The possibility that wi may equal zero or be arbitrarily close to zero complicates the
testing problem. The reason is that the asymptotic distribution of n'/2QLR,, is degenerate
or nearly degenerate in that case. Whether the degeneracy can occur depends on the

relationship between the candidate models. We distinguish two types of relationships in
Definition NO below.

Definition NO. The models P and Q are non-overlapping if infpep geco [ |dP/dvpg—
dQ/dvpgldvpg > 0, where vpg = (P + Q)/2. The models P and Q are overlapping

otherwise.

Remarks. (a) Our categorization of the model relationships is similar to but different
from that in Vuong (1989). We distinguish the two types based on uniform asymptotics
— whether N(0,1) can uniformly approximate the finite sample distribution of the studen-
tized quasi-likelihood ratio statistic. Vuong (1989) distinguishes the two types — "strictly
nonnested" and "overlapping" — based on pointwise asymptotics. Thus, we treat models P
and Q as overlapping if it is possible for P} and @, to get arbitrarily close to each other,
while Vuong (1989) does not treat them as overlapping as long as P # @}, under each null
distribution u.

(b) The connection between our categorization and Vuong’s (1989) is as follows. Models
P and Q are non-overlapping if and only if they are strictly nonnested in Vuong’s (1989)
sense, i.e. PN Q # ¢, if both models are variation—closedm A sufficient condition for

""A set P is variation-closed if it is closed under the pseudo-metric d,(P,Q) = [|dP/dvpq —
dQ/dvp,gldvp,q. See e.g. Csiszér (1975).

14



a moment inequality model P to be variation-closed is that the moment functions are
bounded.

(c) The overlapping case includes the nested case, i.e. P C Q or Q@ C P. The results
in this paper for overlapping models hold for nested models except for Theorem 2(b). The

test for overlapping models is asymptotically conservative if the two models are nested.

With non-overlapping models, wz is bounded away from zero (shown in Lemma 4 be-
low). Thus, the studentized quasi-likelihood ratio test statistic nt/ ZQ/ﬁ%n /@y, converges in
distribution to NN (0,1) uniformly under Hp. The test statistic can be combined with the
standard normal critical value to form a model selection test. With overlapping models,
wi may be arbitrarily close to zero under some null distribution p. For such u’s, N(0,1)
approximates the finite sample distribution of n'/ Z@n /@y, poorly. In the extreme case
that wi =0, n'/ Q@H /Wy, may not converge in distribution at all due to partial identifi-
cation. Thus, one needs to choose the critical value with care to take into account the lack

of uniformity in asymptotics.

4.2 Tests

Let a € (0,1). Let z,/o denote the (1 — «/2) quantile of the standard normal distribu-
tion. We propose tests for non-overlapping models and overlapping models. The test for
non-overlapping models does not require a tuning parameter and needs slightly weaker
assumptions to be justified than the test for overlapping models. However, for the test to
be valid, the candidate models should be non-overlapping according to Definition NO. The
test for overlapping models is more general and can be applied to non-overlapping models

as well.

The Test for non-overlapping models. The test of nominal size « rejects Hy in favor of
model P if n1/2®%n/@n > 242, T€jects Ho in favor of model Q if n1/2Q/L7%n/@n < —Za/2,

and accepts Hy otherwise.

The Test for overlapping models. Let b, be a sequence of positive numbers such

that b,‘L1 +n"'b, — 0. The test of nominal size « rejects Hy in favor of model P if
2 2

nw, > b, and nl/Q@n/Gn > 2472, rejects Ho in favor of model Q if nw; > b, and
nl/QQ/ﬁ%n/@n < —24/2, and accepts Hp otherwise.
The test for overlapping models is a two-step test. In the first step, one tests Hyg : wi =

0 by comparing nd}i to a critical value b, that increases to infinity with the sample size. If
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the first step rejects, one proceeds to the second step where one compares nt/ QQ/LT%n J@n,
to the standard normal critical value. Such a two step structure is the same as the test
proposed for overlapping models in Vuong (1989). However, the critical values chosen in
Vuong (1989) and in this paper are of different nature. The critical value used in Vuong

721, while we let the critical value

(1989) is a quantile of the asymptotic distribution of nw
increase with n. The reason for such a difference is two-fold. First, using our critical
value guarantees that the test has correct asymptotic size while using a finite critical
value does not. Shi (2009) shows that the original Vuong test has size distortion because
the pointwise asymptotic distributions of the test statistics do not approximate the finite
sample distribution uniformly well. The same lack of uniformity issue exists for the test
statistics in this paper, as discussed in Section Second, the asymptotic distribution of
nd}i does not always exist with moment inequality models due to partially identification.
In the first step of the test for overlapping models, b, is called a tuning parameter.
The tuning parameter is analogous to the moment selection criteria in Andrews and Soares
(2010). We show below that our test for overlapping models has correct asymptotic size
as long as b, ' +n~1b, — 0. In practice, suitable choices of b, are 2logn and 2loglogn,
which are analogous to the BIC and the Hannan-Quinn information criterion, respectively,
as noted in Cheng (2008). The trade-off one should have in mind when choosing b,, is the
trade-off between the size and the power of the test in finite samples. A bigger b, better

controls the size but may result in lower power, and vice versa.

5 Asymptotic Size of the Test for Non-overlapping Models

In this section, we show that the asymptotic size of the test for non-overlapping models
defined in the previous section is correct.

Let H{° denote the set of null distributions in the case of non-overlapping models. We
define H° below. The size of the test for non-overlapping models of nominal size o over
Hy? is

SZM(a) = sup Pr, (n"2|QLR,| /&0 > 2a)2). (5.1)
peEH®

We approximate it using the asymptotic size:
AsySZ"™(a) = limsupSZ,° (). (5.2)

n—oo
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The following assumption is imposed on the parameter space and the moment functions.

Assumption 4. (a) © and B are compact, and
(b) the moment functions m(x,0) and g(x, ) are continuously differentiable in 6 and

B over © and B, respectively, for all x € X.

Let m;(0) = m(X;,0) and ¢;(8) = g(X;, 5). Let m;; and g;,; denote the jth elements
of m; and g;, respectively.
For a data distribution u, and parameters § € © and § € B, let

S™(y,0) = Eue? ™ Om;(0)m;(6)’
SIN B) = B gi(8)gi(B)" (5.3)

For 6" € ©, and * € Bj, let

Ay = VRO mi(0) _ o AL(B7)'9i(B7)
My, = M (73,(07),0%), and Nj = N, (AL (87), B7). (5.4)

Note that wﬁ = EM(AZ,Z')Q' By (3.7), A
and Bj,.

Let eigmin(A) denote the smallest eigenvalue of a matrix A. For a positive number M,
let T denote Nas(0g,,) N (R% x RI™~%),
at the origin with radius M. Let I'}, denote Np;(0q,) N (R% x Rdg ). Let ¢ = (/.0
and ¢ = (N,B3'). Let ” A” and ” V7 denote the minimum operator and the maximum
operator, respectively. Let N:(©},) = Ueee;; N:(0) and Ne(Bj) = U,BeB* -(B).

M, and N do not vary with §* and 8 in ©7,

w’

where Nps(0g, ) is a closed ball in R% centered

m

Define Hy° to be the set of ;1 such that

(i
(ii

(iii

{X;}i-; is an i.i.d. sample from pu,
Assumptlon 3 holds,

- Z £ =

for all € > 0, there exists 6. > 0 not dependent on p such that

sup M (75,(0),0) <My, =6 and  sup  NL(AL(B), B) <N — e,
0€O\N:(O7,) BEB\N(B})

(v) sup ||y, (0)]] Vsup [[AL(B)]| < M -4,
9O BeB

(iv
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(vi) ¢611371n1fxe €igmin (S}, (¢)) A weli“gfxB €igmin (S}, (¢¥)) > 4, and (5.5)

8367 m;(0)

" 246)y'm; (0 240 ||2+0
(Vll) EM sup [( ) ()_|_H H H 8 a¢ ‘ +ZH8 a 6(#”

$ETT. xO 3¢

!

’ 86A g'L(B)
)N g;
E, sup [e(2+ WNgi(B) 4 ||T

2+6
I ||
pely, xB (0

63 Ng
2+§
8)@1& | Z ||8)\ BAG@Z)’ H]

where My, M and ¢ are positive constants. The set Hg® depends on those constants, but

for notational simplicity, we suppress their dependence.

Remarks. (a) Condition (i) in is the i.i.d. assumption. The results in this paper can
be extended to the stationary case. The equality part of Condition (ii) requires p to be a
null distribution. The inequality part of (ii) excludes the distributions that are further than
M away from the models according to the KL distance. This part is needed to guarantee
that wi is bounded away from zero. It is implied by condition (v) if the moment functions
are bounded, but not necessarily so otherwise. Condition (iii) requires the pseudo-true
distribution of both models to be unique. Condition (iv) prevents the population dual
criterion functions M, (v}(0),0) and N, (A}, (8),8) from being flat near the pseudo-true
sets. Condition (v) restricts 7v},(f) and A}, (3) to compact sets. Condition (vi) guarantees
that M, (v,60) and N, (X, B) are convex in v and A, respectively, so that the estimators of
7;,(0) and Aj,(3) are n~1/2-consistent. Condition (vii) imposes moment restrictions. The
exponential moment restrictions may exclude some interesting cases in practice, but are
satisfied in many other cases. For example, they are satisfied by models in Examples 3 and
4 above and by models in Examples 1 and 2 if the variables do not have heavy tails.

(b) Assumption 4 implies Assumption 2 and Conditions (v)-(vii) imply Assumption 1.
Therefore, the duality results in Lemma 2 hold for p € Hg° under Assumption 4.

In order to derive the asymptotic size of the test, we show the consistency of the set
estimators (:)n and Bn first. Lemma 3 below establishes the consistency of @n and Bn
w.r.t. the left Hausdorff distance. The left Hausdorff distance between two subsets, A1,

As, of a Euclidean space is the maximum distance of any point in A; to As:

pin(A1; A2) = sup inf [la —d'[|. (5.6)
aeAlaE 2

We call it the left Hausdorff distance because the symmetrized version of p;, is the Hausdorft
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distance: pp, (A1, As) = py, (A1, A2) + py (A2, A7).

Lemma 3. Suppose Assumption 4 holds. Then, under all sequences {j,}>>, such that
each p, satisfies conditions (i) and (iii)-(vii) in 1' plh(én,@zn) + plh(Bn,an) — 0.

Remark. Lemma 3 shows that all points in O, approach @;n. It does not imply that the
neighborhoods of all points in ©}, ~are visited by ©,, even in the limit. Thus, ©,, is not
necessarily consistent w.r.t. the more standard Hausdorff distance. Consistency w.r.t. py,

is sufficient for our purpose.

The following lemma guarantees that the asymptotic variance of nl/ 2Q/L7~Zn is bounded

away from zero with non-overlapping models.

Lemma 4. If the models P and Q are non-overlapping, then w = infeppo wi > 0.

Now, we give the theorem describing the asymptotic distribution of n!/ Q@H /Wy, and

the asymptotic size of the test for non-overlapping models.

Theorem 1. Suppose Assumption 4 holds and the models P and Q are non-overlapping.
Then,

(a) under all sequences {p,, € Hy°}>2q, nI/Q@n/@n —a4 N(0,1), and

(b) for a € (0,1), AsySZ"°(a) = a.
Remark. Part (a) of Theorem 1 shows that the studentized quasi-likelihood ratio test
statistic has a parameter-free asymptotic distribution, which is an attractive feature of the
Vuong-type tests. Part (b) shows that the test proposed has correct asymptotic size over
a rich set of null distributions. Part (b) follows easily from part (a) by the procedure for
deriving asymptotic sizes developed in Andrews and Guggenberger (2009).

6 Asymptotic Size of the Test for Overlapping Models

Let Hgl denote the set of null distributions in the case of overlapping models. We define

HG' below. The size of the test for overlapping models of nominal size a over H, is

SZ%a) = sup Pr,, (n@? > by & n/?|QLR,|/Gn > 2a/2)- (6.1)
peH
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We approximate it using the asymptotic size:

AsySZ°(a) = limsup SZ% (). (6.2)

n—oo

In the definition of the asymptotic size, the limsup is taken after the sup pEHg! Thus, in
order to obtain AsySZ°(«), we need to approximate the distribution of the test statistics
uniformly well over Hgl. This is harder to achieve with overlapping models because the
asymptotic distributions of n'/ Q@n /@, and n@? under Hy are discontinuous in the true

distribution, specifically, in wi, as discussed in Section We seek to approximate the

finite sample distributions of the test statistics in all areas of wi by deriving the asymptotic

distributions under drifting sequences of null distributions {y,,}5° ;. Under the drifting

2
Hn,

sample situation in which wi is close or equal to zero, or wz

The idea of using drifting sequences is adopted from Andrews and Guggenberger (2009).

sequences, nw:, can drift to a finite number or infinity, each case approximating the finite

is bounded away from zero.

A stronger assumption on the smoothness of the moment functions than Assumption

4 is needed.

Assumption 5. (a) © and B are compact, and
(b) the moment functions m(x,0) and g(x, B) are three times continuously differentiable

i 0 and B over © and B, respectively, for all x € X.

Let the notation be the same as in the previous section. Define the set of null distrib-
utions Hgl to be the set of y such that

(i) Conditions (i), (iii), (v) and (vi) in hold,
(ii) d(P,p) = d(Q, p),
(ii)) M}, — M (7,.(0),0) > C - (pfy, (6, 0}) A d),
Ny = Nuu(8), 8) > C - (pih (8, By) A 9),

i dm+dg m
(iv) Eu(bei%jpxe[e@-&-(s)”//mi(@)—F ||ae;¢||2+a+ 75— 6¢>8 d) |1+a+ Z IIg:j; ¢:9(Z>'”]
B, sup [e@TOXai(®) H ' H2+5 H ‘1+5+d§§6" 3N 9i(B) n
pert xB o0 awaw ;000
< M , and
(v) Eu(w, A% )* 0 < M if w? > 0. (6.3)
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where M, C and ¢ are positive constants. The set Hgl depends on M, C and ¢, but for
notational simplicity, we suppress these arguments. Condition (ii) states that u is a null

distribution. We do not need the distances from the models to the null distribution to

2
m

Condition (iii) requires the population criterion functions to be locally quadratic in a neigh-

be bounded from above because w? can be close or equal to zero for overlapping models.
borhood of the identified set. This condition is analogous to the identification conditions
in the literature of point-identified models It gives us the n~1/2-consistency of the set
estimators. Condition (iv) is similar to condition (vii) in (5.5). Condition (iv) in
requires the third derivatives of €?™i(®) with respect to ¢ = (7/,0") to be dominated by
a p-integrable function, while in condition (vii) in (5.5)), the second and third derivatives
are with respect to v only. The additional condition (v) is needed because we want to
derive the asymptotic distribution of the studentized quasi-likelihood ratio statistic when
the standard deviation of Q/L?in converges to zero in probability.

Let w2 abbreviate win. The following definition specifies the drifting sequences of u’s

that we consider.
Definition SEQ. For o € [0,00], let Seq, be the set of sequences {1, € HG} ,, such
that {un}s2 , is a subsequence of {n}, and

unwin — o2 (6.4)

Let Seq = ]Squ.

o€[0,00

Notice that we allow o to take values in the extended real space.

The following Lemma is concerned with the convergence rate of the set estimators under
drifting sequences of null distributions. In this lemma, the drifting sequences {u,, }°2; are
not necessarily in Seq. Lemma 5 is obtained using the quadratic bounding approach
described in the introduction. This approach takes into account the non-differentiability

of the population and the sample criterion functions.

Lemma 5. Suppose Assumption 5 holds. Then, under any drifting sequence {f,}>>
such that each ., satisfies conditions (i) and (iii)-(v) of (6.3), we have py,(0,,0%) +
pin(Bn, By) = Op(n=1/2).

Lemma 6 below establishes the asymptotic distributions of the test statistics under

"A similar condition is used in Chernozhukov, Hong, and Tamer (2007) in the context of partially
identified models.
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drifting sequences in Segq.

Lemma 6. Suppose Assumption 5 holds. Then for o € [0,00] and a subsequence {un}o 4
of {n}, under a drifting sequence {1, }32, € Seqs,

(a) if o €[0,00), up@s = Op(1), and

(b) if 0 = o0, u,l/QQLRun/wun —4 N(0,1) and @in/wzn —p 1.

It follows easily from Lemma 6 that AsySZ°(a) < a. An extra condition is needed
for the test not to be asymptotically conservative and is stated as Assumption 6 below.
Assumption 6 requires the existence of at least one u € Hgl under which the pseudo-true
distributions from the two models are not the same. Assumption 6 is not restrictive for
nonnested models because for a p € Hg' that belongs to neither P or Q, the pseudo-true
distributions typically are different except in some pathological cases. Assumption 6 is
violated when P and Q are nested, which is the reason that we restrict our attention to

nonnested models.
Assumption 6. There exists p € Hgl, such that P} # Q.

Theorem 2 below summarizes the null properties for the model selection test for over-

lapping models.

Theorem 2. Suppose Assumption 5 holds. Then, for all o € (0,1),
(a) AsySZ°(a) < a, and
(b) if Assumption 6 also holds, then AsySZ°(a) = a.

Remark. Part (a) of Theorem 2 shows that the test proposed has correct asymptotic size
over a rich set of null distributions. Part (b) shows that the test is not asymptotically

conservative.

7 Power Properties of the Tests

We now show that our model selection tests are consistent against fixed alternatives and
have power against n~1/2-local alternatives. The consistency of the tests implies that if
the two candidate models are not equally close to the true distribution (in terms of the KL
distance), the tests select the closer model with probability approaching one. The local
power result implies that in finite samples, the tests select the model closer to the true

distribution with high probabilities if the models are not equally close to the truth.
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Assumption FA below specifies the properties of a fixed alternative y under which model

P is closer to p than model Q.

Assumption FA. The true distribution p satisfies that

(a) d(P, p) < d(Q, p),

(b) supgco |15V supsen N (B)]] < oo

(c) for some 6 >0 and M = 6+ supgee [V}, (0)|| V supgep [N ()], conditions (i), (iii)
and (vi) in (5.5) hold, and

(d) E, SUDgerm <o [627/mi(6’)_|_| ]8267'mi(9)/a’y@7/| H +E, SUDyert [62,\/9i(5)+| |826,\19i(5)
JOXON||] < oo.

Assumption FA(a) implies that u is a fixed alternative distribution. Assumption FA(b)
is essentially the same condition as (v) in (5.5)). Assumption FA(d) is a weaker version of
condition (vii) in ([5.5)).

Theorem 3 below shows that our tests for both non-overlapping models and overlapping

models are consistent against all fixed alternatives.

Theorem 3. Suppose Assumptions 4 and FA hold. Then,
(a) limy o Pry (nI/QQ/IF%n/&}n > Z42) = 1, and
(b) limy, e Pry (n@i > b, & n1/2CjL\Rn/oAJn > Za2) = 1.

Remark. Part (a) shows that the model selection test for non-overlapping models has
power approaching one against fixed alternatives. Part (b) shows that the test for overlap-
ping models has the same property. The theorem implies that, if model P is closer to the
true data generating process than Q, the tests select P with probability approaching one

as the sample size grows large.

Assumption LA1 below specifies the properties of a sequence of n~/2-local alternatives

against which the test for non-overlapping models has nontrivial power.

Assumption LA1. The sequence of true distributions {p,, }5>, satisfies that
(a) n'/2(d(P, p,) — d(Q, 1)) — b1 € R\{0},
(b) d(P, p,,) = he € Ry and win — o2 € Ry, and
(c) each p,, satisfies conditions (i) and (iii)-(vii) in (5.5)).

Assumption LA1(a) simply states that p,, belongs to the n~'/2-local alternative hy-
pothesis Hy : n'/2(d(P,u,) — d(Q,p,)) — h1 # 0. When h; > 0, model Q is closer to
i, than is P, and when h; < 0, model P is closer. Assumption LA1(b) requires the true
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distributions to be within finite KL distance from the models. Assumption LA1(c) states
the maintained hypothesis.
Theorem 4 below shows that our model selection test for non-overlapping models has

nontrivial power against the n~1/2-local alternatives specified in Assumption LA1.

Theorem 4. Suppose Assumptions 4 and LA1 hold and the models P and Q are non-
overlapping. Then,

(a) limy, o0 Pry, (n1/2®n/@n > Za/z) =0 (—za/g — o te7"2hy), where @ is the
c.d.f. of the standard normal distribution, and

(b) limy, o0 Pry, (n1/2Q/I7%n/@n < —Za/z) =& (—za/g + afle*hZhl).

Remark. Part (a) provides the asymptotic probability of selecting model P under the local
alternatives defined in Assumption LA1, while Part (b) provides the asymptotic probability
of selecting model © under the same local alternatives. The theorem implies that the
asymptotic power function of the test is ¢ (—za/g — o lehe hl) + (—Za/g + Jfle*thl).
The minimum value of the asymptotic power is the asymptotic size, «, and is reached only
at hy = 0 (i.e. under the null). This shows that the test has nontrivial power against
n~1/2-]ocal alternatives. The asymptotic power increases to one as o~ te™"2|hy| increases
to infinity — as the local alternatives approach the global alternatives. Theorem 4 also
shows that the test is directional. That is, when h; > 0, the asymptotic probability of
selecting model Q is bigger than «/2, while that of selecting model P is smaller than «/2.

Assumption LA2 below specifies the properties a sequence of n~1/2-local alternatives

against which the test for overlapping models has nontrivial power.

Assumption LA2. The sequence of true distributions {u,, }5° ; satisfies that
(a) nY2w 1 (d(P, ) — d(Q, 1)) — hS' € R\{O},
(b) d(P, ) — hg € Ry and by *n~"2w, ' — 0, and
(c) each p,, satisfies conditions (i) and (iii)-(v) in (6.3)).

Assumption LA2(a) states that p, belongs to the n~'/2-local alternative hypothesis

Hi : nl/zw;j(d(P, tn) —d(Q, 1)) — h$t # 0. The difference in distances is normalized by
wy, to deal with the potential situation in which w, — 0. Assumption LA2(b) requires
the true distribution to be within finite KL distance from the models and w,, not to vanish
too fast. Assumption LA2(c) states the maintained hypothesis.

Theorem 5 below shows that our model selection test for overlapping models has non-

trivial power against the n~1/2-local alternatives specified in Assumption LA2.
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Theorem 5. Suppose Assumptions 5 and LA2 hold. Then,
(a) limp—00 Pry, (nn > by & nl/zQ/\LRn/@n > Zaj2) = P(—zas2 — e~"2ng), and
(b) limp—oo Pryy,, (ndn > by & nY2QLR,, /@ < —24/2) = ®(—24/2 + €7 "2h5).

The interpretation of Theorem 5 is similar to that of Theorem 4.

8 Simulation

This section reports some Monte Carlo results for the model selection problem in Example
3. We demonstrate that the null rejection probability of the proposed test for overlapping
models is close to the nominal size. The test selects the better model with high probabilities
and selects the worse model very rarely at sample sizes that are relevant in practice.

We consider the entry game in Example 3 with no covariates (hence X = 1) for sim-
plicity. Since there are no covariates, the data include only observations on the equilibrium
outcome Y. The variable Y can take only four values. Thus, each distribution of Y is a

multinomial distribution which can be written as a vector in the three-dimensional simplex:

3

AS = (p05p15p27p3) € [Oa ]-]4 : Zp] =153. (81)
7=0

We assume symmetric firms, so that 6; =602 =c¢, a1 =az =a and F;, = F,, = F. We
also assume that there is no correlation between €; and €5. In this particular entry game
model without covariates, allowing for asymmetry between the firms makes the models in
Example 3 untestable in the sense that P = Q = int(A3). Then, no statistical method is
useful in distinguishing the two models. Allowing for correlation between the error terms
makes model P untestable[™]

We normalize F'(-;60.) to ®(-), the standard normal c.d.f. This is a normalization rather
than a restriction on the models for the following reasons. Before the normalization, the
predicted probability functions in are

p(0,0) (Ca a79€) = (1 - F(Ca 95))2
P(o,1) (Ca a, ‘98) = p(l,O)(Cv a, 96) = F(Cv 08)(1 - F(C +a; ‘95))
p(l,l)(ca GJ?GE) = FQ(C_I_G“;HE)' (82)

12 Adding covariates can make the models testable even when asymmetry and error correlation are allowed.
We will investigate models with covariates using Monte Carlo simulation in later versions of this paper.
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In both model P and model Q, the parameters are (partially) identified through p(q ),
P(0,1)> P(1,0) and p(1,1), which are in turn (partially) identified by the observed probabilities
Pr, (Y = j), 7 = (0,0), (0,1), (1,0) and (1,1). From (8.2), we see that only the two
functions, F(c;0.) and F(c 4 a;60.) can be (partially) identified. For each (F(-,0.), c,
a), let ¢ = ®71(F(c;0:)), and @’ = ®1(F(c+ a;0.)) — /. Then, ®(c') = F(c;6.) and
®(d+d')=F(c+a;0.). That is, (F(-,6.), ¢, a) is observationally equivalent to (®, ¢/, a’).
Thus, we can normalize F'(-,0.) to ®.

After the normalization, model P becomes the set of P such that for some ¢ € R,
ac R_

Ep [(1-®(c)” = 1(Y = (0,0)] =0,
Ep [®*(c+a)) — 1(Y = (1,1)] = 0,
Ep[®(c)(1 — ®(c+a)) — 1(Y = 4)] > 0 for j = (0,1), (1,0). (8.3)

Model Q becomes the set of @ such that for some ¢ € R, a € Ry,

Eq [(1 - ®(c))? = LY = (0,0))]
Eq [®*(c+a)) -~ 1Y = (L1)] >
Eq[®(c)(1 — @(c+a)) — L(Y =j)]

v

0,

0
0 for j = (0,1), (1,0). (8.4)

We generate the data according to three data generating processes (DGPs). DGP NL
below is a null DGP. DGPs 1 and 2 below are alternative DGPs, each generated from one
candidate model.

DGP NL: {Y;}? ; is generated from a multinomial distribution with probability vector:
o = (0.21267, 0.21267, 0.01, 0.56466). The distribution pg is calibrated so that d(P,
to) = d(Q, o).

DGP 1: a = —0.25, ¢ = 0.5. The firms play a complete information simultaneous-move
Nash game. In the case of multiple equilibria, we set the equilibrium selection mechanism
to always select the equilibrium (1, O)E Under DGP 1, model P is correctly specified and
model Q is not. Thus, P is better than Q.

DGP 2: a = 0.25, ¢ = 0.5. The firms play a complete information simultaneous-move

3When a < 0, the game has multiple equilibria only when ¢4+ a < €1 < cand ¢+ a < e2 < ¢. The
multiple equilibria include (0,1) and (1,0): either player 1 enters or player 2 enters. The equilibrium
selection mechanism is used only to generate the data and is not used when carrying out the test.
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Nash game. In the case of multiple equilibria, we set the equilibrium selection mechanism
to always select the equilibrium (1, 1){13-] Under DGP 2, model Q is correctly specified and
model P is not. Thus, O is better than P.

The two models are overlapping because they describe the same distributions when
a = 0. Therefore, we use the test for overlapping models. For the first step of the test, we
choose b, = 2logn, where n is the sample size. We consider four sample sizes, n = 500,
750, 1000, 1500. These sample sizes are relevant in practice. For example, in Ciliberto and
Tamer (2009), where an airline entry game is considered, the sample size (the number of
flight routes) is over 2000. The number of simulation draws is set at 2000.

In Table 1 below, the three numbers in each parenthesis are the probabilities that the
test selects model P, accepts the null, or selects model @. The second column shows the
probabilities under DGP NL at different sample sizes. The third and the fourth column
show the same except under DGPs 1 and 2.

The most important observation from the table is that the test selects the better model
with high probabilities, and the probabilities increase to one quickly as the sample size gets
large. This is consistent with our theoretical power results. The second observation is that
the probabilities that the test makes wrong selection are controlled well by the nominal

size.

Table 1. Prob. of choosing P, accepting Hy, and choosing Q
n DGP Null DGP 1 DGP 2

500 | (.034,.945,.021) | (.519, 481, 0) | (0, .527, .473)
750 | (.036, .940, .024) | (.753, 247, 0) | (0, .308, .692)

1000 | (.035, .944, .021) | (.864, .136, 0) | (0, .175, .825)

1500 | (.037, .938, .025) | (.961, .039, 0) | (0, .060, .940)

The computation cost of the test is relatively low. In the simulation example described

“When a > 0, the game has multiple equilibria only when ¢ < €1 < ¢+ a and ¢ < €2 < ¢+ a. The
multiple equilibria include (0,0) and (1,1): either both enter or neither does.
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above, it takes around 12 seconds to run one simulation iteration with sample size 1500/
For models with covariates and more than two parameters, computation time is longer,
but we expect it to be in a reasonable range for the reasons discussed in the introduction

of this paper.

9 Concluding Remarks

In this paper, we propose Vuong-type model selection tests for moment inequality models.
We allow the candidate models to be overlapping or non-overlapping and propose one
test for each. The tests are robust to partial identification of the model parameters. We
show that the tests have correct asymptotic size in a uniform sense and have good power

properties. The simulation results are consistent with our theoretical conclusions.

15The simulation is run on a desktop PC with a 2.4 Ghz cpu.
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APPENDIX

Throughout the appendix, we replace pu,, with n when p,, is in a subscript and it does not
cause confusion to do so. For example, we write v}, (¢) as 7;,(0). Let b, (0) = (3,,(0),0")
and ¢%(0) = (v%(0),6'), and v,,(8) and ¥%(53) be defined analogously. We let "r.h.s."
denote "right-hand-side" and "L.h.s." denote "left-hand-side".

Let "LLN" denote the weak law of large number for row-wise i.i.d. triangular arrays.
The weak law of large number we use here is Theorem 2 in Andrews (1988). Theorem 2
in Andrews (1988) is a law of large numbers for L!-mixingale triangular arrays. Row-wise
i.i.d. triangular arrays are trivially L!-mixingales. The uniform integrability condition
required in that theorem is guaranteed by higher-order-moment-finite conditions in this
paper.

We first present a few auxiliary lemmas, the proofs of which are given in Appendix [C|
Lemma Al is an instrumental result for the uniform stochastic boundedness of empirical
processes, which is useful for establishing Lemmas A2-A4. Lemma A2 establishes the
uniform convergence and rate of convergence of various stochastic processes, which is useful
for proving the main lemmas and theorems. Lemma A3 establishes the uniform consistency
of 4,,(0), the rate of convergence of 4,,(0), and the continuity of 7} (6). Lemmas A2 and
A3 are stated under Assumption 4 and conditions (i) and (iii)-(vii) in (5.5). Their results
hold under Assumption 5 and conditions (i) and (iii)-(v) in because Assumption 5
implies Assumption 4 and conditions (i) and (iii)-(v) in imply conditions (i), (iii)-(vii)
in (5.5).

Lemmas 3, 5 and A2-A4 are stated in terms of {n}, but because they only impose
termwise restrictions on the sequence {yu,,}°2 , their conclusions hold with {n} replaced

with any subsequence of {n}.

Lemma A1l. Consider the triangular array of empirical processes {vn(¢) : ¢ € ®}0° . If

(i) (®, p) is a totally bounded pseudo-metric space, (i) vy, (@) is stochastically equicontinuous
w.r.t. p and (i) for every ¢ € @, ||y ()|| = Op(1), then supyeq |[vn(@)|| = Op(l)m

1Note that here, ® denotes the space of ¢. In the main sections of this paper, ® stands for the c.d.f. of
the standard normal distribution. Hopefully, there is no confusion caused by this abuse of notation.
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Let pg, p1 be pseudo-metrics on I'}; x © defined by:

po(61, d9) = sup [En(ev’lmi(m) _ e’YIQmi(QZ))2]1/2
N>1

p1(61.02) = sup [E,][0075 ) g — 07502 jog|2) 12,
N>1

where ¢y, ¢ € T} x © and ¢; = (v},0})", j = 1,2.
Lemma A2. Suppose Assumption 4 holds. Under any sequence {p,}5° 1 such that each
1, satisfies conditions (i) and (iii)-(vii) in (5.5)), we have

(a) the triangular array of empirical processes {V°(¢) = nl/z(ﬂ/l\n(qS) - M, (9): o€
'V, x ©} is stochastically equicontinuous w.r.t. py,

(b) supgerm xo [V 2(Mn(6) — My, (6))] = Op(1). N

(c) the triangular array of empirical processes {v(¢) =n'/2(OM,(¢)/0y—0M,, (¢)/07):
¢ € I'y x ©} is stochastically equicontinuous w.r.t. py,

(d) supgerm xe |02 (OMu(0) /0y — My, (8)/07)]] = Op(1),

(e) for all random sequences {¢y,, € '} x ©}22 and {py,, € I'f; x O}72; such that

|15 — P2nll —p 0, we have

102 M (1.,) /070 — O M, ($9.,)/0707'|| = O
|Mn(¢l,n) - Mun(¢2,n)| —p 07 and

(f) parts (a)-(e) hold with ©, v, ¢, M and m replaced with B, X\, ¥, N and g, and
with py and p; redefined for model Q accordingly.

Lemma A3. Suppose Assumption 4 holds. Under any sequence {p, o2 such that each
1L, satisfies conditions (i) and (iii)-(vii) in (5.5)), we have
(a) for any two random sequences {01, € O} and {02, € ©}>°, such that ||61,, —
92,71” —p 0,
[[An(01,n) — Vn(O2,)[| —p O,

(b) supgee [19,(0) =75 (0)]| = Op(n~"/?),
(c) for any two random sequences {61, € O}, and {02, € ©}>°, such that ||601,, —
92,nH —p 0,
172 (01,0) = 12020l = Op([|01,0 = O2,ul1), and
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(d) parts (a)-(c) hold with 0, ©, v, ¢, M, m replaced with 3, B, \, 1, N, g.

Lemma Ad4. Suppose Assumption 5 holds. Then, under any sequence {p, }5°; such that
each p, satisfies conditions (i) and (iii)-(v) in (6.3),

(a) for any two random sequences {¢; , € I'f; x O}72; and {¢,,, € Iy X O} such
that [|¢1, — G2/l —=p 0,

102 M (61,,)/ 0608 — 9> M, (65,,)/0608|| — 0, and

(b) part (a) hold with ©, ¢, M and m replaced with B, ¢, N and g.

A  Proof of the Theorems

Proof of Theorem 1. (a) Let 6,, € ©, and j3,, € B, be such that &2 (0, 3,) > &2 -2
Then, part (a) is implied by:
nl/Q@n/wn —4 N(0,1), and (A1)
OOy B) Jo —p 1. (A.2)

Next, we show (A.1]) and (A.2)).
Let 0% € ©F and 85, € B satisty [|0, — 0%]| < pp (00, 0%) + 27" and ||3, — G5 <
pun (B, B:) + 27", Then, Lemmas 3 and A3(a) imply that
160(0n) — 65(03)|| —p 0 and [[¢h,,(B,,) — &5 (B3)|| =5 0. (A.3)
First, we show (A.1l)). Observe that

w;lnl/zcﬁj%n = w;ln_l/Q Z [eXp(’?n(én),mi(én)) - eXp(S‘n(Bn)/gi(/Bn)]

=1

= w, 'Y A Apy o+ A, (A.4)
=1

where Ay1 = w0230 [exp(3,(0n)'mi(62)) — exp(3;,(65)'mi(07,))] and Ay 2 =
w23 [exp(Nn (83 9i(85)) — exp(Ma(B,)' 94(B,))] -
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By the Lyapounov CLT for triangular arrays,
wytn 1/22Ani—>dN0 1). (A.5)

The CLT applies because (a) E,A},; = 0 by condition (ii) in and Lemma 2(b), (b)
w;zEn(A;i)Q = 1 and (c) En(wglA;i)Q*‘s < g_Q_‘SEn(A;;’Z-)z‘*"S < 00 by Lemma 4 and
condition (vii) in (5.5).

It is left to show A, 1 = o0p(1) and A, 2 = 0p(1) before we can conclude that
holds. It suffices to show A, 1 = 0,(1) since the arguments for A, 2 = 0,(1) are analogous.
Because we do not have convergence rates for én and Bn under the conditions of Theorem
1, the usual approach of expanding exp(¥,,(6,)'mi(6,,)) around ¢%(6%) does not give us the
desired result. Instead, we show A, 1 = 0,(1) by bounding A, ; from both above and below
by o,(1). The lower bound of A, ; is obtained by replacing 0,, with 0 in the expression of
A, 1 and using the convergence rate result for 4,,(-) (Lemma A3(b)):

Vv

Apr > wy'n 1/22 exp(%,,(07,)'mi(67,)) — exp(v,(67,)mi(67,)]

=1

= w  [OM(65(05))/07'] [0 (3,(05) — v (03)]
w02 (3,(05) = 7(02)) [0° Min(6,) /0707 ] (4 (63) — 73(67,))

> wi [OM(05,(03)) /07 — OM,,, (65(03))/07] [0 (3, (0%) — 73 (02))]
w02 (3,(65) = 7(02)) [0°Min(6,) /0707 ] (4 (63) — 73(67,))

= 0p(1), (A.6)

where ¢,, lies on the line segment joining ¢*(0%) and ¢, (6%), the first inequality holds
because 0,, is a maximizer of M\n(’?n('),-), the first equality holds by a Taylor expan-
sion of exp(%,,(07)'m;(0})) around ~(6}), and the second inequality holds by the Kuhn-
Tucker conditions of the minimization problem minwe Rip o gim—do My, (7,05, and the sec-
ond equality holds by Lemmas 3, 4, A2(d)-(e) and A3(b).

The upper bound of A,, ; is obtained by replacing 4,, with -7 in the expression of A, 1
and applying Lemma A2(a):

Ana S w072y Texp(0(0n) mi(6n)) — exp(v;,(65) mi(6;,))]
=1
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= wp [ (@5(00) + 02 (M, (65(00)) — My, (85(67))) — v (@4(07))]
< w1 (0 () — Vi (97,(67))] = 0p(1), (A7)

where the first inequality holds because 4,,(6,,) is the minimizer of M\n(-,@n), the first
)¢ € I x O}, defined in Lemma A2(a),
the second inequality holds because ), is a maximizer of M, (¢;()), and the second
equality holds by Lemmas 3, 4, A2(a) and A3(c).
Therefore, A, 1 = op(1).
Next, we show . By a mean-value expansion of exp(¥,,(60,)'mi(0,)) around ¢ (6%),

we have

equality holds for the empirical process {19 (¢

w,, 265 (On, B,,)
—2p1 Z(A
=1

I 865/'/(1,777‘1 (én) N

20t 37 N T (0u0n) = 6160) = = a(Ba) — R(B) | M+

_ o _
_ _ o, P
Y " | 9etnmin) . 9en9i(Bn) .
= n,1 + Wn,2 + Wn,37 (A8)

where (7], Gn) lies on the line segment joining &, (6,,) and ¢%(6%) and ( ns Bn) lies on the
line segment joining v,,(3,,) and ¥%(B8%).

Applying the LLN to W, 1, we have Wo1 = w;,?n ™' Y1 (A} ;)* —, 1. The LLN
applies because (a) Enw,?(A};)* =1, and (b) by condition (vii) in and Lemma 4,
sup,,>1 En(wy AL )20 < w270 sup,,5y En (A, )2+5 < 00.

The third summand W,,.3, in the r.h.s. of (A.8) is 0,(1) because

0< Wn,3

ae'ynmz en 86’77{’”7 (971)

< 270y 00) - 0 (ot 32 PO 6,0, - i)

Xn0i(Bn) Herngi(Bn) ..
1202 (Ba) — U5(52)) ( 286 PO )wn(ﬁn)—wm»

= 0p(1), (A.9)
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where the second inequality holds by the inequality, (a + b)? < 2a? + 2b? and Lemma 4,
and the equality holds by (A.3)) and

aG'Ynmz Hn ae'ynmz(en)

-1 Z o

_12 ae 19i(Bn) §erngi(Bn)
oy’

< B[00 jag)|2 < M

< E,[|8eM9B0) gy |2 < M, (A.10)

which holds by the triangular inequality, the inequality ||aa’|| < ||a||? and condition (vii)

in (53).
The second summand, Wy, 2, in the r.h.s. of is 0p(1) because, by the Cauchy-
Schwartz inequality, 0 < Wy, o < 2[W,, 1 - Wn,3]1/2.
Therefore, holds.

(b) Let {p,, € Hy°}o2, satisty Pry, (nl/z\Q/IEnV@n > 24/2) = SZ1°(a) —27™. Such a

sequence always exists. Then,

lim sup Pr,, (nl/z\@n\/cﬁn > Za2) = AsySZ™(a). (A.11)

By part (a), the L.h.s. of the equation above equals a. Therefore, AsySZ™°(a) = . ®

Proof of Theorem 2. (a) Let {a,} be a subsequence of {n} such that AsySZ%(a) =
limy, 00 SZZ (). Such a sequence always exists. Let {u, € HJ'}32, be a sequence such
that for each n,

Pr,, (n@2 > by & n'/2|QLR,| /@0 > 2a2) > SZ%(a) — 27" (A.12)

Let {u,} be a subsequence of {a,} such that u,w? — o, o € [0,00]. Such subsequences

always exist because we allow o to take values in the extended real space. Then,

AsySZ%(a) = lim Pry, (un@2, > bu, & ul/*|QLR,, |/Buy > 2a/2)- (A.13)

n—oo

If 0 < 00, then by Lemma 6(a),

lim Pr,, (un&?in > by, & ui/2|@un|/@un > 24/2) < lim Pry, (un&?in > by, )

n—oo n—oQ

=0<a. (A.14)
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If 0 = oo, then by Lemma 6(b)

lim Pry, (un@2 > by, & ul/ 2|@%un| [Buy > Zas2)

< lim Pr,, (ui/z\Q/L?%un\/Qun > Z4/2) = O (A.15)

Therefore, by (A.13)-(A.15)), AsySZ°(a) < a.

(b) Let p € HY satisfy Py # @Qj,. By Assumption 6, such a pu exists. Then/,gi > 0. By
Lemma 6(b), under p, &2 —, w? > 0. Also, by Lemma 6(b), under , n'2QLR,, /Gy —q
N(0,1). Because n~'b, — 0, we have

lim Pr, (n@? > b, & nl/Z\CﬁnV@n > Za2) = O (A.16)

By definition, AsySZ° (@) > limy_.c Pr, (n&2 > by, & n1/2|Q/L\Rn]/CJn > Zyy2). Thus, we
have AsySZ°(a) > a. Combining this with part (a), we obtain the desired result. m
Proof of Therem 3. Let 6, € ©, and 3, € B, be such that & (0,,3,) > &2 — 27"
Parts (a) and (b) are implied by

QLR, —p E,N%; > 0 and 32 (0, B,,) —p w? > 0. (A.17)

Next, we show 1' First we show EMA;,Z' > (0 and wi > 0. Under Assumptions 4
and FA(b)-(d), Lemma 2(b) applies and gives

By A} = exp(=d(P, p)) — exp(—d(Q, 1)) > 0, (A.18)
where the inequality holds by Assumption FA(a). By the Cauchy-Schwartz inequality,

WZ = EM(AZ,i)Z > (EMAZ,i)2 >0, (A.19)
where the strict inequality holds by (A.18)).

Now, we show the convergence results inA (A.17). Let {0}, € @j; oo, and {3, ? By,
be sequences that satisfy: |0, — 0| < py,(0n, ©},) +27" and ||3,, — Byl < pip(Bn, B}) +
27", Such sequences always exist. Because M, (¢), N,(¢) and E, (e ™) — eN9i(B))2 are

uniformly continuous in ¢ € I'f; x © and ¢ € I'}, x B by Assumption 4, the convergence
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results in (A.17)) are implied by

i) sup  [Mn(0) = Mu(@)|+ sup  |[Nu(6) — Nou(@)] =5 0,

PELY; xO Yery, xB
n
(i)  sup sup  |n ! Z(evlmi(e) _ ek'gi(ﬁ))2 _ Eﬂ(ev'miw) _ €>\'9i(5))2 —, 0,
Pl XO el xB =1

(i) [16n(9n) = GO + [0 (8n) — ©7(67)]] =5 O (A.20)

Conditions (i) and (ii) in are implied by Lemma 2.4 in Newey and McFadden
(1986). The conditions in that lemma are guaranteed by Assumptions 4, FA(b) and (d).

Condition (iii) in (A.20) is implied by Lemma 3 and Lemma A3(a) with {x,, € H{°}o2
replaced by {p, = p}22,. Under Assumptions 4 and FA, with some modifications, the
proofs of Lemma 3 and Lemma A3(a) still go through. The modifications are as follows:
(a) the first inequality in (B.5) holds for some §. > 0 because M, (7},(6), ) is continuous in
0, ©), = argmingee M, (7},(),0) and © is compact; (b) the second equality in (B.5]) holds
by (i) in ([A.20), the uniform continuity of M,(v,6) in v € I'};, and Lemma A3(a); (c) in
the first paragraph of the proof of Lemma A3, use Assumption FA(b) instead of condition
(v) of (5.5); (d) ¢ in is the constant in Assumption FA(c); and (e) the convergence
in holds by (i) in and the uniform continuity of M, (v,0) in § € ©. m

Proof of Theorem 4. Let 0, € ©, and 3, € B,, be such that &2(,,,3,) > &> — 27"
Then, Theorem 4 is implied by

nl/Q@n/@n(@n,Bn) —q Z — o tem2hy where Z ~ N(0,1). (A.21)

The proof of (A.21)) is the same as that of Theorem 1(a) except that {u, € H{°}0, is
replaced with {u,}>°, defined in Assumption LA1 and that the asymptotic distribution
of wyln=1/230 A} ; (the first summand in the r.h.s. of 1) is now different. Under

{11,322, the term w, 'n= 123" | A}, ; has a nonzero mean. Below we show that
n
wy in /2 Z A —aZ— o le72h,. (A.22)
i=1

The proof of Theorem 1(a) goes through except the part that shows the asymptotic distri-

bution of wyn=1/23" A} ;. Thus, 1) holds.
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Now, we show (A.22)). First, we have

—-1,1/2 * -1,1/2 * _ *
wn n EnAn,'L wn n (I;leanMMn(’yn(e),a) %lggNn(An(B)HB))

= w;1n1/2 ( exp(—d(P, /Ln» - exp(—d(Q, /’Ln)))
= _wgl exp(cin) ’ nl/Q(d(p7 :un) - d(Q7 Mn))
— —o texp(—ho)hy, (A.23)

where the second equality holds by Lemma 2(b)-(c), the third inequality holds by a mean-
value expansion with d, lying on the line segment joining d(P, s1,,) and d(Q, y,,), and the
convergence holds by Assumption LA1(a)-(b).

Applying the Lyapounov CLT to the triangular array {w;, 'n /23" | (A i —Enl\, 0y,

we have

wtn V2N (A — En A ] —a N(O,1). (A.24)
=1

The CLT applies because (i) En[A}; — EnA},] = 0, (i) w,2En[AS; — EnAj ]2 =1 —
w,?[EnA ;> — 1, by Assumption LA1(b) and 1' and (iii) sup,,>; En(A;‘L’i/wn)zﬂs <
oo by condition (vii) in (5.5) and Lemma 4. m

Proof of Theorem 5. Let 8, € ©,, and Bn € B,, be such that @i(@n,ﬁn) > @,21 -2,
Theorem 5 is implied by,

A~

W, 2@2 (O, By) —p 1, and w;lnl/QQ/LTQn —q Z —e2h8 where Z ~ N(0,1).  (A.25)

The proof of w;, 22 (A, B,,) —p 1 is the same as that of w;, 202 (A, B,,) —p 1 in Lemma 6(b).
The proof of w;lnl/%ﬁn —q Z—e~"2hgis the same as that of w;lnlﬂﬁn —a4 N(0,1)
in Lemma 6(b) except with the same changes performed as in the proof of Theorem 4. A

detailed proof is omitted for brevity. m

B Proof of the Main Lemmas

Proof of Lemma 1. We only need to show parts(a)-(b) because part (c) is analogous
to parts (a)-(b).

(a) By Assumption 1(a)-(b), pj , is a well defined density function. The proof here is
similar to that of the second part of Theorem 3.1 in Csiszar (1975). Let P be a distribution
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in Py such that P << p and let p, denote the density of P with respect to u, then

d(P,p) —d(P,P;,) = / log pdP — / log(py/pp,,.)dP

= /logp;#dP
= —log E}, exp(7},(0)
> —log Ej, exp(7;,(0)

(Xi,0)) +7;,(0) Epm(X;,0)
(X, 0)), (B.1)

/
m

/
m

where the inequality holds because for j < d,, Epm;(X;,0) = 0, and for j > d, + 1,
Epmj(X;,0) > 0 and 7, ;(0) > 0. Equation (B.1) implies that

d(P, ) = —log B exp(;,(6)'m(Xi, 0)). (B.2)

By definition,

d(Pg*’#,,u) = /logpzyudPo*
= —log B, exp(v,(0)'m(X;, 0)) 4 7;,(0) Epym(X;, 0)
= —log E, exp(7},(0)'m(X;,0)), (B.3)

where the last equality holds by the Kuhn-Tucker conditions from the minimization prob-

lem: min M, (v, 0). The Kuhn-Tucker conditions are

dm —d
yeR¥w xR P

0 = OM(7,(0),0)/0v; = Epym;(X;,0) for j < d,
0 = 7, (0)(OM (7} (0),0)/Dv;) =}, ;(0) Epym(X;,0) for j > dp+ 1. (B.4)

By (B.2) and (B.3)), we have d(Pg‘W p) = minpep, d(P, 1), i.e. Py, is the I-projection
of pon P.
(b) Part (b) is implied by (B.3). m

Proof of Lemma 2. (a) By Assumptions 1(a)-(b) and 2(b), v},(0) is continuous in 6.
Thus, M, (7},(0),0) is continuous in ¢. The continuity of M,(v},(0),0) combined with
Assumption 2(a) implies part (a)

(b) By part (a). supgce M, (7(6),0) = maxaco M, (75(6),0). By Lemma 1(b) and
the definition of 7}, (-), we have part (b).
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(c) The arguments for part (c) are analogous to those for parts (a)-(b). =

Proof of Lemma 3. Tt suffices to show py, (6, ©%) —, 0 because py,(By, Bf) —, 0 can

be obtained by analogous arguments.

o0

For an arbitrary € > 0 and an arbitrary sequence {9n € é"}nzb

Pr, (plh(@n, o) > 8)

< Pry (M, (65(05)) — My, (65(0n)) > 6:)

= Pry (Mo, (05(05)) = Mn(,(05))] + (M (6, (05)) — Mn($,,(6))]
HMon (0 (Bn)) — My, (63(00))] > €)

= Pry (0p(1) + M (6, (85)) — Mu(,(0)) + 0p(1) > €)

< Pry(0p(1) + 0p(1) > €) — 0, (B.5)

where 67 € ©F, the first inequality holds by condition (iv) in (5.5)), the second equality
holds by Lemmas A2(e) and A3(a), and the second inequality holds because f,, maximizes
ﬂn(%(e),e). Therefore, py, (0, ©%) —p 0. Because the choice of 0, € ©, is arbitrary,

(B.5) implies py,(9y,05) —p 0. m

Proof of Lemma 4. For any p € Hi° and 0" € O}, we have

w2 = M2(v4(0%),0")E,[dP} /dyp — dQ;, /dpi)?
> Eu[dP;/du — dQp,/du)® - exp(—2M))
> [BuldP} /dp — dQ},/dpl]” - exp(—2M)

2
|:/ ’dP:/dl/pJ,Q; — sz/dVPZZaQZdVPJvQZ] . eXp(—QMl)

> |:P67i31,1fQEQ/ |dP/dvpg — dQ/dup’Q|dy%37Q]2 -exp(—2M;1) > 0, (B.6)
where the first equality holds by Lemma 1(a) and condition (ii) in , the first inequality
holds because M, (v;,(0%),0") = exp(—d(P, 1)) > exp(—My) by Lemma 2(b) and condition
(ii) in , the second inequality holds by the convexity of f(z) = x2, the second equality
holds because P and @y, are absolutely continuous w.r.t. v Pz,Qy» the third inequality holds
because P € P and @)}, € Q, and the last inequality holds by Definition NO. Lemma 4 is

implied by . |
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Proof of Lemma 5. It suffices to show that p;,(0,,0%) = O,(n~'/?) because the
remainder is analogous. First, by Lemma 3, we have py,(6,,0%) —, 0.

Now, we show the rate of convergence: py, (6, 0%) = O,(n~'/2). Take an arbitrary se-
quence {#, € ©,}22 . Let {#% € 0%} | be a sequence such that |6} —6,|]> < plzh(én, Or)+
27", The proof is based on the quadratic approximation of //\/\ln(&ﬁn(én)) - M\n(¢;(0;‘1))
and that of Mun(&)n(én)) — M, (¢5,(07,)). The basic idea is from Andrews (1999), but
the procedure is more involved here because (a) we deal with a saddle-point estimation
problem instead of a extremum estimation problem, (b) after profiling out the first step
minimization parameter 7, the criterion functions M\n(&n(e)) and M,, (¢,(0)) are non-
differentiable in 6, and (c) there is no straightforward way of writing down the left/right
derivatives w.r.t. . We construct quadratic bounds for the centralized population and

sample criterion functions. Specifically, we show below that

(i) [Ml6(00)) = Ma(03(03))] = [My, (60(0n)) = My, (5(03)]
= 0p(n™12) - |0, — O3] + 0p(1) - 18 — O3],
(i) M(d(0n)) — Ma(¢5(65)) = Op(n™") , and (B.7)
(i) My, (3,(0n)) — My, (65(05)) < Op(n™) = C - ((||n — 031> = 27") A G)

where C' and 0 are the positive constants in condition (iii) of (6.3]). Conditions (i)-(iii) in

(B.7) imply that

Op(n™") < Op(n™"2) 10 = 031 + 0p(1) - |00 — 051> = C - ({1100 = 0] = 27") A 6)
= —Cll6n = 0311 + Op(n™"72) - 1161 = O3] + 0p(1) - [|0n — 031 + 0p(1), (B.8)

which implies that ||0,, — 6%|| = O,(n=1/2). Therefore, the desired result, py,(0,,0%) =
O,(n~1/2), holds since 6, is arbitrarily chosen from ©,,.
Now, we show condition (i) in (B.7]). We have

[Min(84(80)) = Ma(85(03))] = [Mo, (8,(80)) = My, (€7,(67))]
= [OMu(63(03))/08 — DM, (65(03))/08'] [6,(Bn) — 63 (05)] +
27 [,(0n) — 07,(03)]' [0° M (9,,) /0600 — 8* M, (6,,) /0608 [b,,(8) — 7,(67)]
Op(n™'72) - 16,,(0n) — &5 (031 + 0p(1) - [0, (0n) — 65 (65|
Op(n™'72) |16 — 03] + 0p(1) - 10 — 03], (B.9)
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where both ¢, and ¢, lic on the line segment joining ¢, (A,) and ¢*(#*) and they are
not necessarily the same, the first equality holds by second-order Taylor expansions of
M, (¢,,(6,)) and M fhy (¢,,(6,)) around ¢ (6%), the second equality holds by Lemmas A2(d)
and A4(a) and the third equality holds by Lemma A3(c). Equation implies condition
(i) in (B.7).

Condition (ii) in is implied by

(6 (0n)) — M (65(65))
> Mo (6 (05)) — Mo (65(65))
= [OMn(&5(03)) /07 1[4 (05) — v (02)] +
271 [3,(05) — v5(05)] [0° Mun(,,) 0707 | [3 (05) — 75 (05)]
= [OMu(&5(05))/07 ) [7n(05) — 75 (05)] + Op(n™h)
> [OMu(05(03)) /07 — OMy, (64(02)) /0] [4(03) — 75 (05)] + Op(n ™)
= Op(n1), (B.10)

where ¢,, lies on the line segment joining ¢, (0%) and ¢%(6%), the first inequality holds
because 0, is a maximizer of /(/l\n(éSH(G)), the first equality holds by a Taylor expansion,
the second equality holds by Lemmas A2(e) and A3(b), the second inequality holds by the
Kuhn-Tucker conditions of the minimization problem: min M, (v,0;) and

the last equality holds by Lemmas A2(d) and A3(b).
Condition (iii) in (B.7)) is implied by

dm —d
YERIP xR P

My, (6,(0n)) = M, (65(65))
= [My, (6,(0n)) — Mun (65,(0n))] + [Mun &5 (0)) — My, (65,(65))]
< My, (6,(00)) — (&3,(0n))] = C - (110 = 05[> =27") A 6)
= —C - ((||0n — 0, HQ—Q ") A 5) (DM, (6,,(00)) /07113 () — 7, (00)] —
271 [4,,(0n) — 7;(02)][0° ( 6,)070Y' ] [43,(0n) — 75 (6n)]
= 0p(n™") = C - ((6n — 9*||2 )A 8) + [OMy, (6,(00)) /07 ][4 (0n) — 73 (0)]
< Op(n ™) = C (1, — O[> —27") A 6)
+[OM,, (6,(00)) /07 — OM,, ( ( )/ 0] [An(0n) = 73 (0n)]
= Op(n 1) = C - (([6n = 03]> —27") A 6), (B.11)
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where Ei’n lies on the line segment joining qﬁ;fb(én) and <}5n (9n), the first inequality holds by
condition (iii) in and [|0, — 0%]|2 =27 < pfh(én, ©7) by design, the second equality
holds by a Taylor expansion of M, (¢%(0,)) around ¢,,(0,), the third equality holds by
Lemmas A2(e) and A3(b), the second inequality holds by the Kuhn-Tucker conditions of
the minimization problem: mln dm—dp /\/ln(’y, 9n), and the last equality holds by

Lemmas A2(d) and A3(b). m

ERIP xR

Proof of Lemma 6. Lemma 6 is stated in terms of subsequences {u, }>° ;. For notational
simplicity, we prove it for the sequence {n}. All of the arguments go through with {u,} in
place of {n}.

Let 6,, € B, and B € B, be such that &> (97@73 ) > @2 -2,

(a) Let {87 € ©X}°2, be a sequence such that ||0% — ,|]> < plh(ﬁn,@ )+ 27" We

have

A
w
7
e

=1
N . _1 867nm1(0n) ae')’nmz(en) “ .
9 n9i(Br) Hern ngi(Bn) . s
= Wn71 -+ an + VVmg7 (B.12)

where ¢,, and 1,, lie on the lie segment joining ¢,,(6,,) and ¢% (6% ) and the one joining ¥, (3,
and v (57), respectively, the inequality holds by a mean-value expansion and the inequality
(a+b+c)? <3(a®+b*+c2). In (B.12), W1 = Op(1) because E,W,, 1 = nw? — 02 < o0,
Wh2 = Op(1) by (A.10), Lemmas 5, A3(b) and A3(c), and Wy 3 = Op(1) for analogous

reasons.

Therefore, 12 (0, 8,,) = Op(1) When o < co.

(b) The proof here is of the same structure as, but slightly different from, the proof of

Theorem 1(a). The difference is caused by (i) w? is not bounded away from zero under

the conditions of this lemma while it is under the conditions of Theorem 1(a), and (ii) the

1/2

set estimators are n~"/“-consistent under the conditions of this lemma while they are not
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under the conditions of Theorem 1(a).

First, we show &2 (A, 3,,) /w2 —, 1. Decompose &2 (0,,, 3,,)/w? in the same way as in
(A.8). We show below that Wy, 1 —, 1, Wy, 2 = 0,(1) and Wy, 3 = 0,(1) when o = oo.
These results together imply &2 (0, 3,,)/w? —p L.

Applying the LLN to W, 1, we have W, 1 = w,?n~1 Z?:JAZ,Z‘P —p 1. The LLN
applies because (a) Enwf[A;"L,i]Q = 1l and (b) sup,,>; E’n[(,u;lz\;km]z‘HS < 00 by condition (v)
in .

The term Wy, 3 is 0p(1) because

0< Wn,S
A . " 9eTnmi(On) §eTnmi@n)\
< 20, 2(D, (0n) — 62(603)) (n—lz S )wn(en)—qﬁ;(e;»
i=1
. L S\;Qi(Bn)a Mg\ L
2072 (@ (B) = ¥3(82) <n B TR )wnwn) R G)
1=1
= o(1), (B.13)

where the inequality holds by the inequality, (a + b)? < 2a? + 2b and the equality holds
by nw? — oo, , Lemmas 5, A3(b) and A3(c).

The term W, o is op(1) because 0 < W, o < 2[W,, 1 - Wn’3]1/2 by the Cauchy-Schwartz
inequality.

Next, we show nl/Q@n/wn —q N(0,1). Let Ay, 1 and A, 2 be the same as in .
Then, by , the desired result is implied by (i) w;,'n"1/23" Ay —a N(0,1), (ii)
A1 =o0p(1) and (iii) A, 2 = op(1).

By the Lyapounov CLT, (i) holds. The CLT applies because (a) £y, A, ; = 0 by condition
(ii) in and Lemma 2(b), (b) w,2E,(A% ) = 1, and (c) En(w;1A27i)2+5 < oo by
condition (v) in (6.3).

Now we show (ii) 4,1 = 0,(1). Because n™ /2w, A,1 = Mo (d,(0)) — M (8%(65)),
2

(ii) is implied by nw; — oo and

Op(nfl) —-1/2

IN

n WnAn,l
Op(n™2) |0 — O3] + 0p(1) - [10n — 03| +
Op(n™) = C - (|0 — 031> —=27™) A )

_ 0,(n ), (B.14)

IN

43



where the first inequality holds by condition (ii) in (B.7) in the proof of Lemma 5, the
second inequality holds by conditions (i) and (iii) in (B.7), and the equality holds by

Lemma 5. =

C Proof of the Auxiliary Lemmas

Proof of Lemma A1l. Consider an € > 0. It suffices to show there exists C. large

enough such that

limsup Pry, (sup ||vn ()] > C:) <e. (C.1)
n—oo »ed

Because @ is totally bounded w.r.t. p, for all n > 0, there exists a finite subset of @,
{1,..s ¢4, } such that supyeq minj<j, p(¢, ¢;) <n. Choose n such that

lim sup Pry, ( sup [vn (@) — va(@)]] > 1) < /2. (C.2)
=00 $,¢'€P:p(,¢")<n

Such an 7 exists because v, (¢) is stochastically equicontinuous w.r.t. p.
Because [|v,(¢)|| = Op(1), for every ¢ € ®, max;<, [[vn(¢;)|| = Op(1). Then, we can
to choose C; large enough such that

lim sup Pr,, (ngjmjx ()] > Cc — 1) <e/2. (C.3)
J=n

n—oo

Therefore, we have

lim sup Pry, (SUP |’Vn(¢)” > Ca)

n—o0 ped
< 1i P i — . . C
< limsup Pro (sup min [ (6) = (6| + ma (05| > C:)
<lmsupPr, ( sup [[wa(@) — va(¢)]] + max|[va(y)]| > C:)
n—00 .0’ €D:p(,¢") <1 J<In
<lmsupPr, ( sup  [wa(@) — va(n)]| > 1) + Py, (max|va(6))]] > C — 1)
n—00 ¢,0'€®:p(¢,0")<n <y
< e, (C.4)

where the first inequality holds by the triangle inequality, the second inequality holds by
the definition of {¢y,...,¢;, }, the third inequality holds by P(AU B) < P(A) + P(B), and

the last inequality holds by (C.2)) and (C.3)).
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Equation (C.1)) is implied by (C.4)). m

Proof of Lemma A2. It suffices to show parts (a)-(e) because part (f) can be obtained
by analogous arguments.
(a) The proof for this part is an application of Theorem 1 in Andrews (1994). Let
F denote the class of functions {e7™(-9) : ¢ 'V x ©}. We verify the three assump-
tions of that theorem: (i) F satisfies Pollard’s entropy condition with some envelope F,
(ii) limsup,,_,., E,F?°(X;) < oo for some § > 0, and (iii) {X; : i < n,n > 1} is an
m-dependent triangular array of random variables. Assumption (iii) holds trivially by con-
dition (i) in (5.5). Assumption (i) holds because the class F is a type II class (i.e., a class
of Lipschitz functions indexed by finite-dimensional parameters, see Andrews (1994)). It
is a type II class because I'}; x © is a bounded subset of the Euclidean space and e7'm(-0)
is Lipschitz in ¢:
[AmC0) 02| < B()16, — gyl (C.5)

where B(-) = supgerm xo ||0e7™(0) /9g||. The inequality holds by a mean value expansion
of €1™(:01) around ¢,. Then, by Theorem 2 in Andrews (1994), F satisfies Pollard’s
entropy condition with envelope 1V supcq er'm(-0) v/ B(").

Assumption (ii) above holds because, for some §; > 0,

limsupFE,[1V sup 7m0 v B(Xi)]2+61

n— 00 Pl xO
< limsupE,[1 + sup e7'mi(0) 4 B(Xi)]2+51
n—o0 G xO
< C-limsup[l + E, sup eGP0 L g sup (|97 ™09 0|2+
n—00 pel]; xO pel]; xO
< o9, (C.6)

where C'is a constant, the second inequality holds by the convexity of the function f(z) =
22191 and the third inequality holds by conditions and (vii) of (5.5).
Therefore, Theorem 1 in Andrews (1994) applies and /2 (¢) is stochastically equicon-

tinuous w.r.t. pg.

(b) By Lemma Al and Lemma A2(a), it suffices to show that (I'}; x ©, pg) is totally
bounded and v2(¢) = O,(1) for every ¢ € I'l; x ©. We show these two conditions below.
The pseudo-metric space (I'}; x ©, py) is totally bounded because I'}; x © endowed with
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the Euclidean metric ||-|| is compact (and thus totally bounded) and for all ¢, ¢ € I'}; X O,

(b1, d3) = sup [E, (967D /0¢") (61 — )]/

N>1

61 = ol - s [Bl|067™ ) fof |12 < M2, — ll, (G0

IA

where (7, é/)’ lies on the line segment joining ¢; and ¢,, the equality holds by a mean-value
expansion, the first inequality holds by the algebraic inequalities |a’b| < ||a|| - ||0]| and the
second inequality holds by condition (vii) in ([5.5).

For every ¢ € I x ©, 12(¢) = O,(1) because

n ) , 2
En(Vg(¢))2 — En |:n—1/2 Z(B”Y m;(0) _ Ene’Y mz(@))
i=1

= Ep(e"™0) — e mi0))2

< Epe?'™i® < oo, (C8)

where the second equality holds by condition (i) in (5.5)), and the second inequality holds
by condition (vii) in (5.5)).

(c) & (d) The proof of parts (c) and (d) is essentially the same as that of parts (a) and
(b) and is omitted for brevity.

(e) The proofs for the two convergence results of part (e) are similar. For brevity, we

only present the proof for the first convergence result:
107 Min(¢1,) /070 — 0° My, (62,,) /0707'|| = 0. (C.9)
Equation (C.9) is implied by the following two results:

(i) sup  ||0° M, (¢)/0v0 — M, (¢)/0707'|| —p 0 and
Pl xO

(i) (107 My, (61,0)/ 070 — O° My, (62,,)/0707'|| = 0. (C.10)

Thus, it suffices to show results (i) and (ii).
Result (i) in (C.10]) is shown using Theorem 4 in Andrews (1992). This theorem requires
four conditions: BD (boundedness), P-WLLN (pointwise weak law of large number), DM

(domination) and TSE (termwise stochastic equicontinuity). We verify these conditions one
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by one. Let I'7} x © be endowed with the usual Euclidean metric, ||-||. Then, (I} x©,||-||)
is totally bounded because I'}; and © are compact subsets of the Euclidean space. Thus,
the BD condition holds. The P-WLLN condition holds by the LLN. The DM condition
holds because, by condition (vii) in (5.5),

limsupE, sup [[0%7 ™ /o0y ||'F < . (C.11)

n—o0 ¢EF7AY/ZI X0

The TSE condition holds because, for every € > 0 and every j, 5’ < d,,

lim lim sup Pr,, ( sup sup \8267*’%(0*)/8%8%/ - 8267%"(0)/8%8%4 > ¢)
(—0 pn—oco qﬁer’ﬁx@ ¢*:H¢—¢*H<C
< lim limsup Pry, ( su H83e'ylmi(9)/8’yj3’yj/8¢\| . sup |6 — ¢*|| > ¢)
T berT X0 b* llo—6*l1<C
< lim limsupE,, sup ||33€7/mi(e)/37j87j/8¢|| (/e
(—0 pn—oco (j)el—wﬁ X O
=0, (C.12)
where the first inequality holds by a mean-value expansion and ||a’b|| < ||a|| - |[b]|, the

second inequality holds by the Markov inequality and the equality holds by condition (vii)
in (5.5). Therefore, all four conditions of Theorem 4 in Andrews (1992) hold and (i) is
shown.

Result (ii) in is shown by a mean-value expansion similar to the one used to
show the TSE condition above. We omit the details for brevity. m

Proof of Lemma A3. (a) Let 4M(9) = min,erm M\n(v,ﬁ). It suffices to show that
M (01.1) — 75 (02.)|] —p O because //\/\ln('y,H) is strictly convex in v by condition (vi) in

(5.5) and ||v;(82,)|] < M — 6 by condition (v) of (5.5]).

Below we show
My, (Y (010),02.0) — My, (V5 (B2,n), 02.0) > 276]140 (01,0) — Vi (B20) 17, (C.13)

where § is the constant in condition (vi) of (5.5). Then, |[32(01.,) — 7% (02.4)|] —p 0 is
implied by the following equation: for all € > 0,

Pry, (143" (01,0) — 7 (B2,0)l] = €)
< Pry (Mun (:Yﬁ/[(el,n)a 02,n) — My, (Vr(02,),02.n) > 2_1552)
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= Pro (Mo, (337 (01.0),02.0) = Ma (33 (01.0), O1.0)
010),010) — Mo (75, (02,0),01.0)
02,71)) el,n) - Mun (7;(02,71)7 62,71) Z 271552)

< Pr, (Mun ('3’7];/[(01,71%92,@ - M\nﬁﬁ/[(el,n)ael,n)

+ //\/\ln(’ﬁz(eln)a Hl,n) - Mun (7:1(02,71)7 92,71) 2 271552)
— 0, (C.14)

where the first inequality holds by , the second inequality holds by the definition of
AM (6, ,,), and the convergence holds by Lemma A2(e).

Now, it is left to show . A Taylor expansion of M, (%, (01 n),02.,) around
i (02.,) gives

Mun( (61 n )702,71) Mun(’}’n(% n)s 02,

A n)
= (OMy,, (Vi (02,0),02.2)/07) (30 (B1.n) — V5 (02,n))
+271 (3M(01,) — 75 (02,)) ST " (T O2.0) (A" (01.0) — 15 (B2n))
27! (’3’%(01,71) - '}’;(02,71)),5% (’Ym‘gln) ( 7];/[(61 n) 7:1(92,71))

> 271401140 (O1,n) — 7 (02011, (C.15)

v

where 4, lies on the line segment joining 42 (6, ,,) and v%(62.,), the first inequality holds
by the Kuhn-Tucker conditions and the second inequality holds by condition (vi) of (5.5)).

Thus, (C.13]) holds.

(b) Let {6,, € ©}2°, be a random sequence such that we have ||9,,(05) — 75 (0n)|| >
suppee ||7,(0) —=77(0)|| —27". Then, by part (a), [|5,(0n) =75, (0n)]] —p 0. Part (b) holds
if [[4,(0n) — 75 (00)|] = Op(n~1/?), which is immediately implied by the following equation:

0 > M (3,(0n), 0n) — M (75(0), 0)

= [0Ma (3 (0), 00)/07'] (3, (0n) — 73 ()

+271 (3, (0n) — 75(00)) [0* M (3,0, ) /070Y'] (3 () — 73 ()
[OM(V5(0n),00) /07 — DMy, (V5(0n),00)/07'] (3, (0n) — 75 (6)
271 (3,(00) — 75 (00)) [0 M (T, 02) /0707 (3 (Bn) — 75 (00))

Y
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= Op(n ™2 ||3,(0) = Y5 On)l1) + 0p (|15 (8n) — 75 (O)II?)
+271 (3, (0n) = 75 (00)) S (V0. 0) (3 (0) — 73 (60)

> Op(n ™2 - |4, (0n) = V2 On)I1) + 0p (14 (0n) = ¥ (0u)II?)
+2716]14,,(0n) — v (0n)]2, (C.16)

where the first inequality holds because 9,,(6,) minimizes M\n(y, 0,), the first equality
holds by a Taylor expansion with 4, lying on the line segment joining 4,,(6,) and v (6,),
the second inequality holds by the Kuhn-Tucker conditions for the minimization problem
D iy g M,, (7,0,), the second equality holds by Lemmas A2(b) and (e), and

the last inequality holds by condition (vi) in (5.5]).

mi

(c¢) By the Kuhn-Tucker conditions from the problem min M, (7, 0), we

dm —d
yeR™ xR TP
have

[OMy, (V(01,),01,0) /07" — OMy, (77,(02:0): 02,0) /0] (17,(01,0) — 77,(02,n)) < 0. (C.17)

A mean-value expansion of OM,, (75 (01,n),01,0)/07 around (v} (02,), 9’27n)/ gives

OM,, (Vn(01,0),01,) /Oy — OM,, (Vn(02,0),02,,) /O (C.18)
= S (Fs0n) (2 (O1.0) = 75 (02.0)) + [0 My, (510, 0) /0700 | (910 = 02,0,

where (7, 0 )’ lies on the line segment joining ¢}, (01 ,) and ¢ (62,).

By (C.17)) and (C.18]), we have

0> (V5 (01.n) = V5 (02.0)) Si7" (Fs On) (75 (01.0) — Vi (B2n))
+ (72(91,71) - 72(92771)), [aMun (Vs én)/87ael](01,n - 02,%) (C.19)
> 0|y (01.0) — V(B2 + Op (175 (01,0) — 75 (O20)]] - 1610 — O2,nl])

where the second inequality holds by conditions (vi) and (vii) in (5.5)). The desired result
is implied by (C.19). m

Proof of Lemma A4. The proof is similar to that for Lemma A2(e) and is omitted for

brevity. =
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