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Abstract

This paper considers inference for the set ©; of parameter values that minimize a
criterion function. Chernozhukov, Hong, and Tamer (2007) (CHT) develop a general
theory of consistent set estimation using the level-set of a criterion function and inference
based on their quasi-likelihood ratio (QLR)-type statistic. This paper proposes a tractable
way to represent the level-set estimator by its support function. The properly normalized
(scaled and centered) support function of the level-set estimator provides an alternative
Wald-type inference method to conduct tests regarding the identified set and a point 6g
in the identified set. These tests can be inverted to obtain confidence collections and
confidence sets for ©; and 6y. We also propose a generic step-up algorithm to choose a
tuning parameter, the level of the criterion function. For econometric models that involve
finitely many moment inequalities, we show that our Wald-type statistic is asymptotically
equivalent to CHT’s QLR statistic under some regularity conditions.
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1 Introduction

Statistical inference for partially identified economic models is a growing field in econometrics.
The field was pioneered by Charles Manski in the 1990’s (see Manski, 2003, and the references
there), and there have since been substantial theoretical extensions and applications. In this
literature, the economic structures of interest are characterized by an identified set O, rather
than by a single point in the parameter space © C R? d € N. Elements of the identified set
lead to observationally equivalent data generating processes. A sample of data generated by
any of the parameter values in the identified set, therefore, gives us information about the
identified set, but not about the underlying “true” parameter value generating the observed
data.

Chernozhukov, Hong, and Tamer (2007) (CHT) study estimation and statistical inference
on Of within a general extremum estimation framework. These authors have shown that a
level-set estimator based on a properly chosen sequence of levels for the criterion function
consistently estimates the identified set, defined as a set of minimizers. They use a quasi-
likelihood ratio (QLR) statistic to construct a confidence set that asymptotically covers the
identified set with at least a prespecified probability. This criterion function approach is
applicable to a broad class of problems.

Another popular approach is to estimate the boundary of ©; directly. This estimate can
then be used to conduct inference for ©;. This is an attractive alternative if the bound-
ary of the identified set is easily estimable. Much of the literature has studied the case
where O; is a closed interval (e.g. Horowitz and Manski, 1998, 2000, Manski, 2003, and
Imbens and Manski, 2004). Recent studies extend this approach to the case where 7 is a
multi-dimensional compact convex set (Beresteanu and Molinari, 2008 (BM) and Bontemps,
Magnac, and Maurin, 2008). When ©O; is compact and convex, its support function provides
a tractable representation by summarizing the location of the supporting hyperplanes of ©;.

So far, the criterion function approach and the support function approach have been
viewed as distinct. Each has its advantages and challenges. The criterion function approach
is widely applicable, but constructing the level set can be computationally demanding. The
support function approach, on the other hand, is more direct and computationally tractable
for some problems, but it has been applied to a limited class of models when parameters are
multi-dimensional. A main contribution of this paper is to unify these approaches within
a general framework. We do this by studying an inference method that exploits the wide
applicability of the criterion function approach and the tractability of the support function
approach. To the best of our knowledge, this is the first such attempt.

In this paper, we focus on econometric models with compact convex identified sets, which
enables us to characterize the identified set by its support function'. This class includes

many econometric models studied recently, e.g., regression with interval data (Manski and

LQur analysis applies to the convex hull of the identified set if it is nonconvex.
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Tamer, 2004, Magnac and Maurin, 2008) and an asset pricing model in incomplete markets
(Kaido and White, 2009). Following CHT, our estimator of ©; is the level set ©,, = {# :
Qn(0) <t,} of a criterion function @Q,(-) for some sequence of levels {t,,}. Collecting all the
parameter values at which @, (0) does not exceed the specified level can be computationally
demanding. Our alternative method stores the values maxq, (g)<y, (p,0) for different unit
vectors p. This yields the support function 8(-,@n) of the set estimator. The required
computation is straightforward, and one can fully recover the set estimator from its support
function. This can result in computational savings that range from modest to dramatic.

Another significant contribution here is a new automated step-up algorithm for selecting
the tuning parameter ¢,. As explained above, the criterion function approach requires the
researcher to choose the level ¢,, of the criterion function to construct the set estimator (CHT;
Bugni, 2009). Our iterative algorithm removes the arbitrariness in the choice of ,,. We relate
this to a multiple testing problem. Our algorithm can be interpreted as the reduced form of
a step-up procedure that controls the familywise error rate (FWER) of hypotheses that are
indexed by compact convex sets. This understanding provides a link to Romano and Shaikh’s
(2009) recent work on a step-down procedure.

Our approach is particularly well suited to conducting hypothesis tests and constructing
confidence collections and confidence sets. For this, we first show that the asymptotic distri-
bution of the properly normalized (centered and scaled) support function is that of a specific
stochastic process on the unit sphere. The normalized support function lets us measure the
distance between sets using the Hausdorff metric common in the literature. This enables us
to test the hypothesis that the identified set coincides with a given set, i.e., Hy : O = ©y.
The test can be inverted to construct a confidence collection that contains the identified set
as an element, with some prescribed confidence level. Inference methods for this type of
hypothesis are as yet unavailable within CHT’s framework.

The normalized support function also lets us test whether the identified set includes a
specific set or point. That is, for a given set ©g or point 6y, we can test Hy : Og C Oy or
Hy : 6 € ©7. The former test can be inverted to construct another confidence collection,
containing each subset of the identified set as an element, with at least some prescribed
confidence level. Further, taking the union of the elements of this collection yields a confidence
set that covers the identified set. This confidence set is comparable to CHT’s confidence sets,
constructed by inverting their QLR statistic. Similarly, the test for 8y € © can be inverted
to construct a confidence set for each point in the identified set. This set is comparable to
those of Imbens and Manski (2004), CHT, Romano and Shaikh (2008), and Andrews and
Guggenberger (2009).

The construction of confidence collections and confidence sets by inverting the normalized
support function was first proposed by BM for the case where Oy is a linear transformation
of the Aumann expectation of set-valued random variables. Bontemps, Magnac, and Maurin

(2007) consider a confidence set for a point in the identified set, when O is characterized by
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incomplete linear moment restrictions. Our analysis further contributes by extending these
results to the general case where O is the set of minimizers of a criterion function.

Closely related to our work here is that of BM, who develop an estimation and infer-
ence framework based on their set-average estimator, a (Minkowski) average of independent
and identically distributed (IID) set-valued random variables. One of BM’s key ideas is to
embed the space of compact convex sets into a subset of the space of continuous functions
(Hérmander, 1955; Beer, 1993). In this paper, we follow a similar approach to study the
asymptotic behavior of our set estimator. But instead of using a set-averaging approach,
we analyze a version of the sample criterion function using weak epiconvergence to derive
the asymptotic distribution of the normalized support function of the level-set estimator.
Weak epiconvergence is a relatively new concept that characterizes the limit of the infimum
of stochastic processes over compact sets and has proven useful for studying the asymptotic
behavior of extremum estimators with point identification (Knight, 1999; Chernozhukov and
Hong, 2004; and Han and Phillips, 2006). Our analysis shows that weak epiconvergence is
ideally suited to study extremum estimators of partially identified models?.

We apply our theory to econometric models characterized by finitely many moment in-
equalities. This class has been extensively studied. Recent research in this area includes An-
drews, Berry, and Jia (2004), Pakes, Porter, Ho, and Ishii (2005), CHT, Fan and Park (2007),
Galichon and Henry (2007), BM, Guggenberger, Hahn, and Kim (2008), Rosen (2008), An-
drews and Guggenberger (2009), Andrews and Soares (2009), Bugni (2009), Canay (2009),
Galichon and Henry (2009), Hahn and Ridder (2009), Moon and Schorfheide (2009), and
Yildiz (2009). We contribute to this literature by establishing a new equivalence result
within this class. Our Wald-type statistic (squared directed Hausdorff distance) and CHT’s
QLR statistic converge in distribution to the same limit under some regularity conditions. As
a result, the Wald confidence set, i.e., the union of all elements in the confidence collection
constructed from the Wald statistic, is asymptotically equivalent to CHT’s confidence set, a
level set whose level is a specific quantile of the QLR statistic.

A special case of this result is the equivalence result previously given by BM. They show
that the Wald statistic based on their set-average estimator is asymptotically equivalent to
CHT’s QLR statistic within the class of (one-dimensional) interval-identified models. Our
results show that this can be attributed to: (i) the asymptotic equivalence of the Wald
statistic and the QLR-statistic within a more general class; and (éi) the fact that the set-
average estimator coincides with the level-set estimator when ©Oj is a closed interval.

The paper is organized as follows. In section 2, we summarize CHT’s econometric frame-

work and introduce some useful background. We establish the asymptotic distribution of

2To the best of our knowledge, Chernozhukov, Hong, and Tamer (2007) is the first article that adapted
the idea of weak epiconvergence to partially identified models. They used a modified version, which is called
“weak sup-convergence,” to study the asymptotic distribution of their QLR statistic. Here we work directly
with weak epiconvergence.



the normalized support function and develop our inference methods in section 3. Section 4
studies moment inequality models and presents the equivalence result. We present Monte
Carlo simulation results in section 5 and conclude in section 6. We collect together our

mathematical proofs in the mathematical appendix.

2 The CHT Framework and Some Useful Background

In this section, we briefly summarize the framework of CHT and introduce basic notions in

the theory of variational analysis and random sets.

2.1 Criterion Function Approach

Our first assumption describes the data generation process and the sample and population
criterion functions. For this we require the following definition, where we let Ry := [0, c0)
and R} := Ry U {oo}.

DEFINITION 2.1: Let S ¢ R% d € N. The function f : S — R, is proper on S if
f(x) < oo for at least one x € S. If f is proper on S = RY, we say f is proper.

AssuMPTION 2.1: Let d € N and Q : R* — R, be a Borel measurable function. Let © C
RY be compact and convex, with a nonempty interior. Let (Q,§, P) be a complete probability
space. Forn = 1,2,..., let Q, : Q x RY — R be jointly measurable such that Qn(w,-) is
proper on © for allw € F € §, P(F) =1, and for allw € Q and 0 ¢ O, Q,(w,0) = cc.

The set © is the parameter space, which we take here to be of finite dimension. Compactness

is a standard assumption on © for extremum estimation. Convexity and nonempty interior
help us to avoid the “parameters on the boundary problem” for partially identified models?.
The probability measure P governs the stochastic properties of the data generating process
(e.g., independence or dependence, stationarity or heterogeneity). When, as is assumed here,
Qn(w,-) is proper on O for all w € F € §, P(F) = 1, we say “Q, is proper on © a.s.” For
convenience in what follows, we define @, (w, ) outside of © to take the value oco.

The function @, acts as our sample criterion function, for example,

n(w,0) =n"" Xi(w),0) — inf n~! Xi(w),0

Qn(w,0) =n ;q( (w),0) = inf n ;cJ( (@), 6),

where {X; : Q@ — R} is a sequence of random variables and ¢ is a suitable function, e.g.,
q(x,0) = (x — 0)? for scalar = and 6. Observe that the second term ensures that we always
have Qp(w,d) > 0. As is common, we may write Q,(0) as a shorthand for Q,( - ,6).

3This point is already mentioned by CHT, which we do not pursue in this paper. They provided sufficient
conditions to ensure the parameters in the interior case. Our assumption is based on Lemma 4.1 of CHT.
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Another common choice for ), is that associated with generalized method of moments
(GMM) estimation,

~

Qn(w,0) = [0 Y m(Xi(w),0)] Vi (w) ™'Y m(Xi(w), )]
i=1 1=1

n n
- jaf, (7 om0 V) bt om0
where m is a suitable vector-valued function such that E[m(X;, )] = 0 for one or more values
of 8, and V,, is an estimator of V, a suitably chosen covariance matrix.

The function @ is the population criterion function. Under assumptions given below,
Q. converges to () in a suitable sense. The population analog @) will thus inherit certain
properties (e.g., properness) from the sample criterion function @,,. Without loss of generality,
we normalize the minimum value of @ to 0, i.e. infg Q(#) = 0. For example, when {X;} is

stationary and the expectations exist, the population analog of the first example above is

Q(0) = Elg(Xi(),0)] — inf Elg(X(), ).

Following Chernozhukov, Hong, and Tamer (2007), we define the identified set as the set

of minimizers of Q:

DEFINITION 2.2 (Identified set): The identified set ©; satisfies
Or:={0€0:Q(0) =0}. (2.1)

There are numerous examples where the identified set can be written as in (2.1). See Manski
and Tamer (2002), Bajari, Benkard, and Levin (2007), Chernozhukov, Hong, and Tamer
(2007), Romano and Shaikh (2008, 2009), Ciliberto and Tamer (2009), and Kaido and White
(2009). Leading examples are the cases where Oy is a closed interval in R or an ellipsoid in
R2. O7 is a primary object of interest here. In particular, we are concerned with estimation
and inference for Oj.

We ensure next that ©; is a compact convex set contained in the interior of ©, ©° :=
int(©).

ASSUMPTION 2.2: (i) Oy is nonempty, closed, and convex; (ii) O C ©°.

The compactness of ©® and Assumption 2.2 (i) imply the compactness of ©;. Assumption

)

2.2 (ii) removes the trivial case ©; = O and the “parameters on the boundary” case. The
latter case is definitely of interest, but to keep a tight focus here, we leave this for analysis

elsewhere.



Let {a,} be a sequence of positive constants, and define a stochastic process ¢, on R? by

Cn(0) == anQn(8), 0¢c R,

The constants a, normalize the criterion function so that (, converges in distribution to a
limit process in an appropriate mode, as we discuss further below. We now define the set

estimator of interest here as a level set of (,:

DEFINITION 2.3 (Set estimator): For sequences {t, € Ry} and {a, € Ry}, the set

estimator is

On(ty) :=={0 €0 :Cu(0) <t} ={0€0:a,Qn(0) <t}

To discuss convergence of é)n(tn) to O, we require suitable distance measures. For this
(here and throughout), let K be a collection of closed subsets in RY, and let || - || denote
the Euclidean norm on R%. We measure the distance between sets in X using the following

Hausdorf distances.

DEFINITION 2.4 (Directed Hausdorff distance and Hausdorff metric): For any A, B € K,
the directed Hausdorff distance is defined as

JH(A7 B) ‘= sup d(a’u B)7
acA
where d(a, B) := infyep ||b—al| and dg (A, B) := oo if either A or B is empty. The Hausdorff

metric is defined as

di(A, B) := max |dg (A4, B),JH(B,A)} = max [sugd(a, B),ls).ugd(b, A)l.
ac S

The directed Hausdorff distance takes the value 0 when A C B and a positive value otherwise?.

This is useful in checking the coverage of the set estimator. For convenience, we refer to either
of these as “Hausdorff distance measures.”

CHT give a set of conditions (C.1 and C.2 in their paper) sufficient for the consistency of
@n(tn) for O in the Hausdorff metric and for deriving its convergence rate. Those conditions
are general enough to be satisfied by many examples involving moment inequalities and

equalities. Following CHT’s conditions C.1 and C.2, we assume the following.

ASSUMPTION 2.3: (i) supgee{Q(0) — Qn(0)}+ = 0p(1). (ii) supgee, @n(0) = Op(1/an).
(iii) There exist positive constants (0, k,) such that for any € € (0,1), there are (K¢, ne) such

4The directed Hausdorff distance is formally the lower Hausdorff hemimetric. A hemimetric d defined on
a set E is a mapping E x E — R such that for any z,y,z € E, (¢) d(z,y) > 0, (i) d(z, 2) < d(z,y) + d(y, 2),
and (4i1) d(xz,z) = 0. In other words, a hemimetric satisfies some properties of a metric, but fails to satisfy
symmetry (d(z,y) = d(y,x)) and identity (d(x,y) = 0 if and only if x = y). There is also an upper Hausdorff
hemimetric, which corresponds to cz}j((B7 A).
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that for all n > ne
Qn(0) > kmin{d(0,07),0}",

uniformly on {0 € © : d(0,07) > (ke/an)'/"} with probability at least 1 — .

Under this assumption, the level-set estimator én(tn) is consistent in the Hausdorff metric
and has a convergence rate 7, = (a,/max{1, x,})"/7, when ¢, satisfies t, > SUpg, anQn(0)
with probability tending to 1. Such a sequence {t,} of levels can be constructed by setting
tn, = tkn, where t > 0 and k,, is a slowly diverging sequence, e.g., k, = loglogn. Theorem A.1
in the Appendix summarizes CHT’s consistency and rate of convergence results for interested
readers.

The following condition, CHT’s degeneracy condition (C.3), often holds for econometric

models that involve finitely many moment inequalities.

ASSUMPTION 2.4 (Degeneracy): (i) There is a sequence of subsets ©,, of ©, which could
be data dependent (i.e., Effros-measurable functions on ), such that Q, vanishes on these
subsets, that is, Q,(0) = 0 for each 6 € ©,, for each n, and these sets can approrimate
the identified set arbitrarily well in the Hausdorff metric, that is, dg(0,,01) < €, for some

en = 0p(1). (ii) € = Op(1/ar/").

Under this additional condition, CHT show that it is possible to achieve consistency and
an exact polynomial rate of convergence by choosing a constant level ¢, =t € R,. For later
use, we summarize the results below.

THEOREM 2.1: Suppose Assumptions 2.1, 2.2, 2.8 (i), (ii), and 2.4 (i) hold. Then,
di(0,(t),071) = 0,(1). Suppose, in addition, Assumption 2.3 (iii) and 2.4 (ii) hold. Then,
a Y (6,(t), 1) = O,(1).

For models with finitely many moment inequalities, the sample criterion function often
vanishes on the set ©,, = {§ € © : n~! > j—1Mje < 0}, ie., the set of parameter values
at which sample moment inequalities are satisfied. When ©; has nonempty interior, the
set of points satisfying the moment inequalities approximate ©; at y/n rate. In this case,
Assumption 2.4 holds with a, = n, v = 2, and k, = 1. Section 4 studies this class of
econometric models.

To keep a tight focus on the goal of unifying the criterion function and support function

approaches, we maintain Assumption 2.4 in the following sections.

2.2 Support Function Approach

We begin by defining notions useful for characterizing compact convex sets: support function,

supporting plane, and support set. For this, let (z,y) denote the (Euclidean) inner product
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of two vectors z,y € R%. We write ||p|| = (p,p)'/2.

DEFINITION 2.5 (Support function, supporting plane, and support set): Let F' € K and
S .= {p e R : ||p|| = 1} be the unit sphere in R%. The support function s of F' at p € S
is defined by

s(p, ') = sup(p, x).
zeF

The supporting (hyper)plane H(p, F) of F at p € ™1 is
H(p, F) = {z € R": (p,x) = s(p, F)}.
The support set H(p, F) of F at p € S tis
H(p,F)=H(p, F)N F.

The value of the support function s(p, F') measures the signed distance from the origin of
the supporting plane H(p, F') of the set F' with a normal vector p. Figure 1 illustrates this.
When the set is strictly convex, its support set H(p, F') for each p € S%1 is a singleton.

A maximization problem associated with the support function can be utilized to compute

the level-set estimator @n(t) Consider the following problem for a given p € S ! and t € R :

s(p, On(t)) = sup (p, ) (2.2)

st anQn(f) <t

When @), is convex in a neighborhood of ©y, this is a convex programming problem, which is
straightforward to solve numerically using standard algorithms. Often, such algorithms find
a point én(p, t) in the support set H (p, én(t)) as a solution of the problem (2.2). Therefore,

a straightforward algorithm to compute the level set estimator is the following.

ALGORITHM 2.1: Choose L € N.

Step 1 : Generate a grid of points {p1,--- ,pr} on the unit sphere S¥1.

Step 2 : Solve the problem (2.2) for p = p;,l = 1,---, L. Store the solutions {én(pl,t),l =
1,---,L}.

When the grid is fine enough, the solutions {én(pl,t),l =1,---,L} provide a good ap-
proximation to the boundary of ©,(t).

In addition to providing a straightforward algorithm to compute the level set estimator,
the support function itself contains useful information. Let K. be a collection of compact

convex subsets of R, Every nonempty compact convex set is the intersection of its supporting
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Figure 1: Support function, supporting plane, and support set
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half spaces. Thus, each element of . is uniquely determined by its support function. This
suggests that properties of the metric space (K., dy) may translate nicely to properties of a
space of functions. Let C(S?~!) be the space of bounded continuous functions on S%~!. Let
|- llea-1y be the uniform norm on $**: i.e., || fllcga-1) = sup,esa-1 |f(2)]. Let dega-1y be
the metric induced by this norm. Let & denote the Minkowski addition operator, such that
Fyre B =c{fi+ fo: f € F1, fa € F»}. The Héormander embedding theorem is

THEOREM 2.2 (Hérmander’s isometric embedding theorem): The mapping F — s(-, F)
is an isometric embedding of (K., dy) into a closed convex cone in (C(ST1), dega—1y) that

preserves Minkowski addition and non-negative multiplication; i.e. for any Fy and Fy € K,
di(F1, Fy) = |ls(, F1) = s( Fo)lle(ge1y = sup [s(p, 1) — s(p, F3)]
pES?—

s(p, I1 © Fy) = s(p, F1) + s(p, F»),

and for any A € Ry,
S(p’ )‘F1> = )‘S(pv Fl)

Details for this theorem are in Beer (1993) and Li, Ogura, and Kreinovich (2002)°.
For our purposes, the fact that the mapping defined by the support function is an isometry

is important. Consider the process:
Zu(p,t) = alf7 (s(p, 60(1) = (. 01) )

This process is useful for conducting inference. Theorem 2.2 ensures that when én(t), Or €
K., the distance a}L/WdH((:)n(t), O7r) equals sup,cga-1 | Z,(p,t)], a functional of Z,(-,1).

For the directed Hausdorff distance, we have the following result.

THEOREM 2.3: Given any two compact convex sets Fy, Fy € K., the directed Hausdorff

distance satisfies

—

dg(F1, F2) = sup {s(p, F1) — s(p, F2)} = sup {s(p,F1) —s(p, F2)},,
pEBd peSd—1

where B := {p € R? . ||p|| < 1}.

For the proof, see BM Lemma A.1.

SHérmander’s embedding theorem holds in a more general environment. If the underlying space E is
separable, then we can isometrically embed (K.(E),dy) into a closed convex cone in C(S*), where S* is the
unit sphere in the dual space E*. We can use metrics that metrize either the strong norm topology or the
weak* topology. This permits extending our framework to handle nonparametric estimation, one of our future
tasks.
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From this result, together with Assumptions 2.1 and 2.2 (i), we have that for given t € R

al/"di(01,6,(t)) = sup {~Zu(p,t)}+
pegd—l

alVdp(On(t),01) = sup {Z.(p,t)}+
pGSd71

If for given t we can find a stochastic process Z(-, t) such that Z,,(-,t) converges suitably in
distribution to Z(-,t), then the desired limiting distributions of our Hausdorff distance mea-
sures follow from the continuous mapping theorem, as these distance measures are continuous
functions of Z,,(+,t). Thus, we focus on deriving the asymptotic distribution of Z, (-, ).

As we show, this distribution is a stochastic process on S¢~!. In leading cases, this is a
Gaussian process. Moreover, its dependence on t is typically straightforward. Specifically, ¢
often affects only the mean of the limiting process and in a manner known a priori. Thus,
there exists a known function g such that for all ¢ € Ry, Z*(-) := Z(-,t) — u(t) is a mean

zero process on S¢~1 where Z(-,t) is the desired weak limit of Z,(-, ).

2.3 Convergence Concepts

To define the required convergence concepts, consider a sequence of stochastic processes {&, }
defined on a complete separable metric space (E,d), so that for n =1,2,..., &, : Q@ xE — R
is jointly measurable, where R := R U {—00,00}. For simplicity, we often suppress the
dependence of &, on w € §2, but this should be understood implicitly. In specific contexts,
we also view &, as a mapping from the sample space {2 to a space of functions on E.

The simplest convergence in distribution concept for stochastic processes is weak con-
vergence in finite dimensions, defined next. We use the notation % to denote the usual
convergence in distribution (weak convergence) for a vector of finite dimension (as in, e.g.,
White, 2001, p.65).

DEFINITION 2.6 (Finite dimensional weak convergence): Let (E,d) be a complete separable
metric space. A sequence of stochastic processes {£,,n > 1} on E is said to weakly converge
. . . . o do . .
in finite dimension to a limit &, denoted &, f4 &, if for any finite m-tuple (x4, ..., Ty,), where

xz; € E for each j =1,...,m,

(€n(@1), o En(@m)) 2 (E(@1),s s E(2m)-

It is well known that the finite dimensional weak convergence is equivalent to weak con-
vergence in the uniform metric when the sequence {&,} is tight in [°°(E), where (*°(E) is the
space of uniformly bounded functions on E; see, e.g., van der Vaart and Wellner (2000). We
denote &, ud- & when &, weakly converges to a stochastic process £ in the uniform metric.

Here, a main goal is to find Z(-,t) such that Z,(-,t) wd Z(-,t) for Z,(-,t) defined above.

[12]



In order to achieve this goal, we make use of the notion of weak epiconvergence given next.

DEFINITION 2.7 (Weak epiconvergence): A sequence of stochastic processes {{n,n > 1}
on E is said to weakly epiconverge to a limit &, denoted &, ed &, if for any compact subsets®

Ry, ..., Ry of E with open interiors RY, ..., RS, and any finite m-tuple of real numbers i, ..., T,

P f o., inf -
(s, 01> v i €60 > 70)
< liminf P f &, yeeny Inf &, m 2.3
< limin (;enlf ) > Ty I (@) > ) (23)
< limsup P ( inf & (z) > 71,00, ir;zf En(z) > Tm>
n—oo TERY,
< > ey > . .
<P <x1€n1£0 &(x) >, ,xlel}%fgnf(x) > Tm> (2.4)

We call the condition given by (2.3) the lower epilimit condition. Similarly, we call that given
by (2.4) the upper epilimit condition.

Weak epiconvergence is generally useful for studying the limiting distribution of extremum
estimators, especially when the criterion function assumes the value infinity, which often
occurs in constrained optimization problems®. This concept is weaker than weak convergence
(on compact sets) in the uniform metric (Pflug, 1995, Proposition 1) and is equivalent to finite
dimensional weak convergence when the sequence {&,} satisfies a condition called “stochastic
equi-lower-semicontinuity” (Knight, 1999, Theorem 2).

For our purposes, weak epiconvergence of a version of the criterion function (, helps
ensure the finite dimensional weak convergence of Z,,(+,t). The desired results then follow by
establishing tightness of {Z,(-,t)}.

3 Inference Using the Normalized Support Function

In this section, we present our first main results. We begin by establishing the duality that
relates the finite dimensional distribution of the normalized support function Z,(+,t) to that
of the infimum of a localized criterion function ¢, = a,Qp(0+ N/ a%/ ") over a class of compact
sets. We further show that Z,(-,t) converges weakly in the uniform metric to a stochastic

process on S~! under appropriate regularity conditions on C~n We then present our inference

In this definition, the sets Ry, ..., Ry can instead be taken from a class of relatively compact sets V such
that (¢) V is closed under finite union and intersection; (i¢) each compact set K in E is representable as the
intersection of a decreasing sequence in V; and (iii) each open set G in E is representable as the union of an
increasing sequence in V. A typical example for such a V is a class of closed rectangles. See Pflug (1992) for
details.

"These names are motivated by Proposition 7.29 in Rockafellar and Wets (2005).

8Details on weak epiconvergence can be found in Pflug (1992), Geyer (1994), Pflug (1995), Knight (1999),
Geyer (2003), and Molchanov (2005), among others. Recent applications of weak epiconvergence in economet-
rics include Chernozhukov and Hong (2004), Chernozhukov (2005), and Han and Philips (2006).
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methods using functionals of Z, (-, t).

3.1 Asymptotic Distribution of the Normalized Support Function

We first add a mild regularity condition on the criterion function. For this, we use the

following definition.

DEFINITION 3.1 (Lower semicontinuity): The function f : R? — R is lower semicontinu-
ous (Isc) if liminf, .z f(x) > f(Z) for every T € RY.

If a function f : Q x R? — R is such that f(w,-) is Isc for allw € F € §, P(F) = 1, then
we say f is lower semicontinuous almost surely (lsc a.s.). A subtle problem for inference
here is that @n(t) may be empty with positive probability in finite samples. To handle
this, we use the following convention. We set s(p, ©,(t)) = s(p,0,(t,)) if On(t) = @,
where t,, := infg a,,Q,(0). This convention ensures that Z,(-,t) € C(S%"!) a.s. Note that
P(©,(t) = @) — 0 under the conditions of Theorem 2.1, so this adjustment becomes less
and less likely as n — oo.

The following lemma establishes the duality between the minimization of the criterion
function and the maximization of the corresponding inner product. This lemma provides a

way to relate the stochastic behavior of the support function s(-, 9,(t)) to that of the original

criterion function (,(+) = anQn(-).
LEMMA 3.1 (Duality 1): Suppose that Assumption 2.1 holds. Let n € N and t € Ry be
given. Suppose (p is lsc a.s. Then, for any v € R and p € S*!

s(p,On(t) <u < Cn(0) > t,

inf
0K, ,NO

with probability 1, where K, , is the half space
Kup:={0€RY: (p,0) >u}.

By this lemma, we can relate the support function of the level set estimator to the criterion
function?. Our goal is then to relate the normalized support function Z,(p,t) to a localized
version of the criterion function.

We define a process ¢, whose behavior captures that of ¢, for local deviations from the
boundary points of ©;. For this, let 07 be the boundary of Oy; this coincides with the
collection of support points of ©;: i.e., 07 := {§ : § € H(p,O;), p € S¥1}. Define a
stochastic process fn on 007 x R? by

Cn(0,)) == Cu(0 4+ N/a),  0e€005,)eR

9Note that if ©,(t) = @, we take s(p, O, (t)) = supyc, (p, 0) = —c0.
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1/

The quantity 0 + A/ a}/ 7 represents a deviation of order a,, /" in the direction A from .

To apply the previous lemma, we first note that

{w: Z,(p,t) <u} = {w 2 5(p, On(t)) < s(p, O1) + u/a,ll/7} )

A~

Applying Lemma 3.1 to s(p, ©,(t)) < s(p,Or) + u/a,ll/7 yields

{w:Zp(p,t) <u=quw: _ inf Ca(0) >t 3. (3.1)
0eK 1/~ ne
s(p,®)+u/ay’ "ip

Next, for each 6 € Ks(p791)+u/a;/77

0 € H(p,O)!. We define \ := ai/v(é — 60). We can therefore write

o0 O, we decompose 0 by letting § = 6 + (§ — ) where

0=0+\al.

The motivation for rescaling A by 1/ arll/ 7 is that u/ arl/ 7 appears in the subscript of K
in eq. (3.1). By this decomposition,  represents the part of 0 that gives the inner product
value s(p,©r), and A/ a}/ 7 represents the part of 6 that gives an inner product value greater

than or equal to u/ aql/ 7. This decomposition is illustrated in figure 2.

02 A
AN
AN
K
AN s(p,©1)+u/ar”
AN
e
0
0 A
@I a;/’Y
N
AN
\ -
§ -
0 N
AN

(p,0) = s(p,O1) + ujax”

Figure 2: Decomposition of 0

0Note that 6 here is not necessarily unique; however, this has no impact on the arguments to follow.
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It is easy to show that A satisfies (p, \) > u, so A € K,, . In addition, since A = a,ll/'y(é—ﬂ)
with § € ©, A belongs to a shifted and rescaled space a;/v(@ —0) = {A e RN\ =
ai/'y(é —0),0 € ©}. Thus, A € K, N a}/v(@ — 0). Using this decomposition, we can rewrite
the event in eq. (3.1) as

{w: Z,(p,t) <u} = {w :  inf inf Ca(6,0) > t} .

0H(p.O1) xe K, pN[as/" (©-0)]

Let 7,4, be the correspondence defined on H(p,©;) by
Tnaup(0) = KupN a7 (©—0)], n=1,2,...

For each 6 € H(p,©yp), the set K, , N [a}l/v(@ — 0)] is an image of ry, 4 ,(6). Figures 3 and
4 in Appendix B illustrate how this image changes when 6 moves along H(p, ©;) for a fixed

n'. The graph of this correspondence is
Rpup :={0,\): X€ryup(0),0 € H(p,Or)},

which is illustrated in figure 5. Thus,

{w: Z,(p,t) <u} = {w : (97/\)1611}%”%1) Cn(0,A) > t} .

To analyze this event, it is important to understand the behavior of R, ., as n increases.

For this, let 00 = 0\ ©° denote the boundary of ©. We call elements of ©;N00 identified
parameters on the boundary (of ©). The remaining elements of ©; are identified parameters
in the interior (of ©). How R, , behaves in the limit depends on whether or not there is
an identified parameter on the boundary of ©.

Specifically, if, as Assumptions 2.1 and 2.2 (7i) ensure, there are no identified parameters
on the boundary, then a,ln/ 7(© — 6) converges to R? in the sense of Painlevé-Kuratowski

(PK)'2. Thus, for any (u,p), we have the PK convergences

Kupnal/'(©—-0)— K,, and
Rn,u,p — Ru,p = H(p, @[) X Ku,p-

This case is depicted in figure 6.

' Appendix B is available from http://econ.ucsd.edu/~hkaido/pdf/supmat . pdf.

2For a sequence {Cr}nen of subsets of R%, the inner limit is the set liminf, ..o C, := {z
Hxn}nen such that x, — z and z, € C,,Vn} while the outer limit is the set limsup,,_, ., Cn = {z :
IH{@n, tren such that z,, — x and xn, € Ch,,Vk}. The limit of the sequence exists if inner and outer
limit sets are equal: lim, oo Cn = liminf, .. C, = limsup,,_, ., Crn. When lim, . Cr exists and equal to a
set C, the sequence {Chr }nen is said to converge to C' in the Painlevé-Kuratowski sense. See Rockafellar and
Wets (2005, ch.4) for details.
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On the other hand, if there is an identified parameter on the boundary of ©, the limit of
the sequence of graphs { Ry, . p}o>, has a form that depends on the structure of ©. In this
case, the local parameter space may be approximated by a cone, following the ideas of Geyer
(1994) and Andrews (1999). This case is definitely of interest, but in order to keep a tight
focus here, we leave this for analysis elsewhere.

Our next result provides conditions ensuring that R, ,, behaves in such a way that
the infimum of the stochastic process fn over R, p is close to the infimum over R, , in a

stochastic sense when n is sufficiently large.

LEMMA 3.2: Suppose Assumptions 2.1 and 2.2 hold. Suppose that (, is Isc a.s. and that
there exists € > 0 such that for any 0 < € < €,

lim inf {(9,)\) € Ruyp:CulB,\) < inf Ca(0,0) + e} + 3, (3.2)

n—oo w,p

almost surely. Then for any 0 < € < € there exists a finite integer N¢ such that for all
(u,p) € R x S¢1

(

Since the function ¢, = a,Q, is defined for all # € R?, the infima above are well defined.

inf (0,0 — inf  Gu(B,0\)| >€) <€, Vn>N.
TRV MG SCl >\ ) & o

When condition (3.2) holds, we say that {C,} obeys the nonempty limit e-argmin condition.
This requires that the sequence {fn} stabilizes in such a way that its e-argmin set does not
keep moving around. Properness ensures that the difference of the infima in the conclusion
is not of the form co — oo. This conclusion is an analog of Condition S.1 assumed by CHT,
motivated by results of Chernoff (1954) and Andrews (1999).

In order to apply weak epiconvergence to (,, we need to control the limiting behavior
of the finite-dimensional distributions of the infima of ¢, over a family of compact sets. As
R, is a closed but unbounded set, we need to replace it with a compact set. As Salinetti
and Wets (1986) and Molchanov (2005) show, this can be done under a regularity condition

known as equi-inf-compactness, defined as follows.

DEFINITION 3.2 (Equi-inf-compactness): The sequence of stochastic processes {&n} is
equi-inf-compact if for every a € R there exists a compact set Lo such that {z : &,(x) <
a} C Ly a.s. for alln > 1.

If this condition holds for {(,}, we can approximate the limit of the infima of {,} over the
closed unbounded set R, ) by the infimum over a compact set Ru,p = Ry p N Ly, with Ly, ),
properly chosen. Then we can apply weak epiconvergence by checking the limiting behavior
of the infima of ¢, over compact sets {Ruj’pj,j =1,2,...,m}.

We now state a second duality result, relating Z,, and fn

[17]



LEMMA 3.3 (Duality 2): Suppose that Assumptions 2.1 and 2.2 hold. Let t € Ry be
given. Suppose that {(,} obeys the nonempty limit e-argmin condition, that {(,} is equi-
inf-compact, and that Q:n is Isc a.s. for all n sufficiently large. Then, for any finite m-
tuple {(uj,p;) € R x Sdil}}r‘:l, there exist compact sets Ly, p.,j = 1,...,m, such that, with
Rup = Rup Luyp,

Hminf P(Z,(p1,t) < Uiy .oy Zn(Pmy ) < Um)

n—oo

>liminf P [ inf  Gu(0,A) >t,.., inf (6, N) >t].
e (0,\)ERuy py (0,M)€Rurm . pm

This lemma ensures that, to study the (finite-dimensional) asymptotic behavior of Z,,(-, ),

it suffices to study the asymptotic behavior of the infima of {, over compact sets. The right

hand side of this inequality can be controlled if ¢, weakly epiconverges to a known limiting

process C: . If so, we can seek a process Z such that
P(Z(pbt) < Uy ey Z(pm,t) < um)

:P< inf  C(0,\) >t,.., inf 5(0,A)>t>.
(9.0)

e]%“1 »P1 (07>\)€Rum,pm

L d.
The portmanteu theorem then implies Z,(-, ) i4 Z(,t).
The next theorem establishes this; it further gives the asymptotic distributions of the

Hausdorff distances. For this, we formally impose sufficient regularity on {5,1}

AssuMPTION 3.1 (Local Process Regularity): (i) For all n sufficiently large, ¢, is, al-
most surely, Isc, and Q, is convex in a neighborhood of ©p. (i) The sequence {C,} obeys
the nonempty limit e-argmin condition, is equi-inf-compact, and weakly epiconverges to a

stochastic process f .

Assumption 3.1 (ii) is stronger than strictly necessary. It appears that weak epiconvergence

can be replaced by the lower epilimit condition without affecting our conclusions.

THEOREM 3.1: Suppose that Assumptions 2.1, 2.2, 2.8, 2.4, and 3.1 hold. For each
te Ry and 6 € 00y, let A(t, 0) be a random level set of the map X — C(0,\) defined by

A(t,0) = {\: (0,0 <t}

Suppose that the limiting process f s such that A(t, 0) is nonempty a.s. for each t € Ry and
0 € 00r.

Then for each t € Ry,

(i) Zn(-,t) fe Z(-,t), where Z(-,t) is a stochastic process on ST, which has the repre-
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sentation

Z(p,t) = sup 8<p,f\(t,9)); (3.3)
0cH(p,Or)

(#) letting m be a finite integer and {(u;,p;) € R x Sd—l}}n:l an m-tuple, the finite

dimensional distributions of Z(-,t) satisfy
P(Z(p1,t) < u1, ., Z(pm, t) < Um)

:P( inf  C(0,\) >t,..., inf 5(9,A)>t>;
(

G,A)ERul,pl (Q:A)ERumapm

(ii1) Zn(-,t) wd Z(-,t), ensuring that

al dg(0a(t),071) L N Z( 1))
atdy(61,0,(1) % sup {-Z({,t)}, and

pGSd71
a dy(O,(t),01) > sup {Z(p,1)}, .
pesdfl

3.2 Inference for the Identified Set

Using the asymptotic distribution results of the previous section, we now study hypothesis
testing on O, together with confidence collections and confidence sets constructed by invert-
ing the Wald statistics. To the best of our knowledge, Beresteanu and Molinari (2008) is the
first article discussing statistical inference and confidence collections based on the Hausdorff
distance measures. Our results below are mostly parallel to the results presented in sections
2.2 and 2.3 of their paper.

We first study hypothesis testing, confidence collections, and confidence sets based on the

Hausdorff metric. Let ©¢ € K. be a given compact convex set, and consider testing
H() :@[:@0, vS. H1 :@[75@0. (34)

Recall that dg (07, 00) = 0 if and only if ©; = ©y. A natural statistic for the test, therefore,
is the scaled Hausdorff metric T),(t) = i/wdH(@n(t),Go). Under the null hypothesis, the
statistic has the limiting distribution || Z(-,?)[|¢(ge-1) by Theorem 3.1; under the alternative, it
diverges to oo with probability approaching one because the statistic is not properly centered.
Let o € (0,1) be a significance level. We obtain a test of asymptotic level a by rejecting the

null hypothesis when T,,(t) exceeds the asymptotic critical value

C1-a(t) := inf {a: : P (|’Z('7t)”C(Sd—1) < a:) >1- a} ,

where Z(-,t) is the stochastic process given in Theorem 3.1.
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It is often difficult to compute this critical value directly, as the required asymptotic
distribution differs from case to case. Specifically, the properties of Z(-,¢) depend on the
weak epilimit { and therefore on the functional form of the criterion function. Also, the
distribution of Z(-,¢) depends on the characteristics of the true identified set O;. For some
special cases, it might be possible to simulate the asymptotic distribution of the relevant
process to obtain the critical value, but this approach is not generally applicable.

As a practical alternative, we now propose a straightforward subsampling procedure that
yields generally valid asymptotic critical values under the high-level assumptions provided
above and mild regularity conditions on the rate at which the subsample size grows. For
concreteness, we present a procedure for the important class of cases in which the sample

criterion function @, is constructed from a sample {X; : Q — Rk}?zl of IID random vectors.

ASSUMPTION 3.2: Let Assumption 2.1 hold with Qn(w,0) = Qn(X1(w),---,Xn(w),0)
where Qy, : I, RF x R? — R, is jointly measurable, n = 1,2,---, and {X;} is an IID

sequence of random k-vectors, k € N.

It is straightforward to extend our results to a sample of stationary and strong mixing
time series. See Politis, Romano, and Wolf (1999, Ch 3) for details.

ALGORITHM 3.1 (Subsampling for level-set estimators): Let t > 0 and 0 < a < 1 be
given. Let b:= b, < n be a positive integer. Let N, = (Tbl) denote the number of subsamples

of size b from a sample of size n.

Step 1. For k = 1,---, Ny, construct én,b,k(t)7 the set estimator for the k-th subsample,
computed as a t-level set of the criterion function Cnpp(Xg,, -+ s Xp,,0) = aan,b,k ( Xk,

oo, Xy, 0), with the obvious notation.
Step 2. Fork=1,---,N,y, compute
T =a)"dy (6 6
nbk(t) = @y 'd (Onp (1), On(t) ) -
Step 3. Compute the 100x (1 — )% quantile of the subsampling distribution, given by

én,b,l—a(t) = inf {LB : Fn7b($,t) > 1— O[} ,

where

A

L —1
Fn,b(x7 t) T Nn,b Z 1{Tn,b,k(t)gz}.

1<E<Nnp

For any ¢, let F'(x,t) := P[||Z(-,t)|¢(se-1y < 2] define the cumulative distribution function
(CDF) of [|Z(-,?)[[¢(ge-1)- The next theorem is a basic result for subsampling the Hausdorff

metric of level set estimators.
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THEOREM 3.2: Suppose the conditions of Theorem 3.1 and Assumption 3.2 hold. Suppose
that b — oo and b/n — 0 as n — oco. Let Fn,b(-,t) and ¢pp1-a(t) be computed by Algorithm
3.1.

(i) If x is a continuity point of F(-,t), then Fnyb(x,t) — F(x,t) in probability;

(i) If F(-,t) is continuous, then sup, |Fyy(x,t) — F(x,t)| — 0 in probability;

(iii) If F(-,t) is continuous at c1_o(t), then

lim P <a}/mH(én(t), o) < én7b71_a(t)) ~1-a

n—oo

As a corollary of this result, we can show that the test has the correct level and is consistent

against any fixed alternative hypothesis.

COROLLARY 3.1: Suppose the conditions of Theorem 3.2 hold. Let ©g be a nonempty
compact convex subset of ©°.
(1) If ©g = O and F(-,t) is continuous and strictly increasing at c1—o(t), then épp1-a(t) =
c1—a(t) +0p(1), and the test has asymptotic rejection probability o:
lim P (T5,(t) > énpi-a(t)) = a.

n—oo

(ii) If ©¢ # Op, then the test is consistent:

71131()10 P (To(t) > énpi-a(t) =1
When N, is large, we can instead employ a stochastic approximation to Fn,b(',t) by
randomly drawing subsamples, with or without replacement. See Politis, Romano, and Wolf
(1999, Sec. 2.4) for details.
The confidence collection is the collection of compact convex sets such that our test does
not reject the null hypothesis in (3.4) when any set in the collection is taken to be ©¢. This

collection can be obtained by inverting our test statistic:

~

Xp1alt) = {\p €K, :alvdy <@n(t), \11) < émb’l_a(t)} .

We show next that, by the duality of the test, this collection includes ©; with probability
1 — a asymptotically.

To construct a confidence set, consider the union of the elements of é\?mb,l_a(t),

Uppi—alt) = T : Ve X p1-alt)}.

We show that this can be easily computed by expanding our level set estimator by an amount
€nbi—alt) = én,bvl_a(t)/ai/'y. This yields a confidence set whose precise level is difficult to

determine but which is bounded below by 1 — « and is thus conservative.
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THEOREM 3.3: Suppose the conditions of Theorem 3.2 hold. Suppose F(-,t) is continuous
at c1_o(t). Then

(i) limy_.co P (@1 € zen,b,l_a(t)) —1— o

(i1) Wy p1_alt) = éi"’b’l_a(t), where éi"’b’l_“(t) is a closed é,p1_o(t)-envelope of O,(t)
given by

A~

O (t) == {0 dpr(0,00(t)) < énp1-alt)};

(iii) Further,

lim P (91 c &b (t)) >1-a.
n—oo
Next, we consider hypothesis testing, confidence collections, and confidence sets based
on the directed Hausdorff distance. Again, let ©g € K. be a given compact convex set. We
consider testing
H():@gg@] vSs. H1 2@01@@[. (3.5)

Recall that CZH(@O, ©;) = 0if and only if ©y C ©;. We therefore test this hypothesis using the
scaled directed Hausdorff distance 7T}, (t) := aVd) 1(00,0,(t)). By focusing on the inclusion
relationship above, we can directly compare our results to those of BM. We can also test
the reverse inclusion using ay Td(©,(t),00) (the scaled upper Hausdorff hemimetric) as
described below.

Following BM, we use the triangle inequality

di (09,0, (1)) < d(©0,07) + du (07, 0, (t)). (3.6)

The first term on the right vanishes under the null. Under the assumptions of Theorem 3.1,
the second term has a well-defined limiting distribution when scaled by a,ll/ 7. We now specify

a subsampling algorithm similar to Algorithm 3.1 to approximate this distribution.

ALGORITHM 3.2: Implement Algorithm 3.1 but with d (©,(t), On k(1)) replacing dp (0, 51 (t),
On(t)).

The analogs of Tmbk(t), Fo(x,t), énpi-alt), and Fn,b(t) are denoted T@’k(t), F.7(x,t),
Cnbi—alt) , and Fﬁ(t) Similarly, let F'~(z,t) := P(supyega-1 {—Z(p,t)}+ < z) define the
CDF of sup,ega-1{—Z2(p,t)}+. Also, let ¢1”,(t) := inf{z : P(sup,esi-1 {—=Z2(p,t)}+ < ) >
1 — a} define the asymptotic critical value for level a € (0,1). The next theorem establishes

the validity of subsampling for the directed Hausdorff distance.

THEOREM 3.4: Suppose the conditions of Theorem 3.1 and Assumption 3.2 hold. Suppose
that b — oo and b/n — 0 as n — oo. Let F;’b(-, t) and ¢, 1, (t) be computed by Algorithm
3.2.

(i) If © is a continuity point of F~ (-, t), then F;b(x,t) — F7(x,t) in probability;
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(i4) If = (-,t) is continuous except at x = 0, then for any e > 0, Sup|;>, |Fﬁ(m,t) -
F~(z,t)] — 0 in probability;
(i3) If F—(-,t) is continuous at c¢;”,(t), then

lim P (a,g/VJ’H(ef, O, (1)) < ézb’l_a(t)) —1-a

n—oo

The directed Hausdorff distance has a discontinuity at x = 0. The consistency result
(ii) is, therefore, weaker than the uniform convergence of subsampling CDF's over the whole
real line. It establishes the uniform convergence of the subsampling CDF on compact sets
excluding 0. As Bugni (2008) discusses, this weaker consistency result is sufficient for the
purpose of hypothesis testing and constructing confidence sets as we are often interested in
approximating the 90,95, and 99 percentiles. As we will discuss in Section 3.3, it is possible
to choose t so that the discontinuity does not occur at the quantiles of interest.

Results for the rejection probability and the consistency against fixed alternatives now

follow as before.

COROLLARY 3.2: Suppose the conditions of Theorem 3.4 hold. Let ©qy be a monempty
compact convex subset of ©°.

(i) If ©0 € O©1 and F~ (-, t) is continuous and strictly increasing at c;_ (1), then ¢, () =
c1-o(t) +0p(1), and the test has asymptotic rejection probability bounded above by «:

lim P (T}, (t) > é,51-a(t)) < o

n,b,1—a
n—00

(ii) If ©9 £ Op, then the test is consistent:

lim P (T}, (t) > é,1_4(t) = 1.

n,b,l—a
n—00

To construct a confidence collection, invert the test statistic to obtain

Xialt) = {\p € Ke:ady <\11,én(t)) < é,:bvl_a(t)} .

As we show, this gives a conservative confidence collection. To construct a confidence set,

consider the union of the elements of 22”7,’1_ (1),

Vo) =V v e X (D)

Analogous to our previous result, we show that this can be easily computed by expanding our
level set estimator by an amount €%, (t) == ¢, 1_,(t)/ a7, In contrast to our previous
result, this confidence set has asymptotic level 1 — a. This is a Wald-type confidence set that
is directly comparable to the QL R-type confidence set studied by CHT.
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THEOREM 3.5: Suppose the conditions of Theorem 3.4 hold. Suppose F~(-,t) is contin-

uous at ¢~ (t). Then
(i) For each ©y C Oy, lim,,_,o, P (@0 € Xﬁ’l_a(t» > 1—«a with equality when ©g = O;;

(ii) \i]’;:b,l—a(t) = (:),i:’b’lfa(t), where @i’?’b’lf‘”(t) is a closed €%, (t)-envelope of O, (t)
given by A
O (1) 1= {0+ d(6,60(1)) < &1 a(t)

(iii) Furthermore, for t small enough,

lim P <G)I C Ot (t)) =1-a.
n—oo

Note that for the confidence set to achieve the coverage probability 1 — a;, we must set ¢
small enough. We will discuss how to choose ¢ in the next subsection.

Results for testing the reverse inclusion
H():@[g@(] vS. H1 :@1,@@0. (3.7)

follow similarly, based on the statistic T, () := ald; 7(On(t),O00). A subsampling algorithm

that can be used to approximate the relevant limiting distribution is

ALGORITHM 3.3: Implement Algorithm 3.1 but with JH(émb,k (t),0n(t),) replacing dg (O, b1 (t),
On(t)).

The analogs of T}, 1 (t), Fu(z,t), énp1_alt), and Fy,(t) are denoted T;;M(t),F,;_(a:,t),
Crb1_alt), and qub(t) Similarly, let F'~(z,t) := P(suppesi-1{Z(p,t)}+ < z) define the
CDF of sup,esa-1{Z(p,t)}+; and let ci_,(t) := inf{z : P(suppega-1{Z(p,t)}+ < 7) 2 1—-a}
define the asymptotic critical value for level a € (0,1). Results analogous to Theorem 3.4,

Corollary 3.2, and Theorem 3.5 now follow analogously.

3.3 Choice of Level

As we will see in section 4, we can often properly weight the criterion function so that the
level ¢ only affects the mean of the limiting process Z(p,t). In this case, we can re-center the
process Z,(p,t) by a known function u(t) or a consistent estimator /i, (), so that the choice
of level becomes asymptotically irrelevant for inference.

Even if we do not have a known form for p() nor a consistent estimator, it is possible to
remove the arbitrariness in the choice of t. In this section, we show that, at least asymptoti-
cally, the choice of t does not matter for constructing confidence sets for ©7. The construction

of the confidence set is based on Theorem 3.5.
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For each a € (0, 1), let t_, be the smallest ¢ such that ¢~ () = 0. That is,

o :=inf{t e Ry : 17, (t) = 0}.
We will show that, for any 0 < ¢t < t]_,, confidence sets constructed in the manner of

Theorem 3.5 are asymptotically equivalent to each other, in the sense that their difference

(in the Hausdorff metric) is of stochastic order smaller than ay/”. Tn this sense, the initial

choice of ¢ does not matter for constructing the confidence set, given ¢t < t]_,,.

We start with the following lemma that shows ¢;” , is non-increasing on [0,t]_,].

LEMMA 3.4: Suppose the conditions of Theorem 3.5 are satisfied. Then, for any 0 <t <
t/ S t*

1—a»

0=c"0(tl o) S o) < e’a(t) < 74 (0).

—a\"l1—«a

(®)

Recall that a confidence set ©,"1 (t) is an expansion of the level set ©,(t) by the

(t)/a}/w. Lemma 3.4 suggests that if we start with a large ¢,

*
1—a»

—

s .
amount emb’lfa(t) = Cobia

the amount we need to expand will be smaller, and at ¢t = ¢ we do not need to expand
the set at all. The following theorem shows that, when the limiting process takes the form
Z(p,t) = u(t) + Z*(p), this change in the amount of expansion makes all the confidence sets

asymptotically equivalent, so that the initial choice of ¢ is not essential as long as t < t*{_alg .

THEOREM 3.6: Suppose the conditions of Theorem 3.5 hold. Suppose that the limiting
process takes the form Z(p,t) = u(t) + 2*(p) for each (p,t) € S~ x Ry, where pu: Ry — R
is an unknown function. Then for each o € (0,1) and 0 <t < t}

l—a’

A€ t A~
i (670,046 ) = oyfar ).

An immediate corollary is the following.

COROLLARY 3.3: Suppose that the conditions of Theorem 3.6 hold. Then for each o €
(0,1) and for any 0 <t <",

i (Af‘:’b’l‘&“)(t% el )<t’>>> = op(a /).

Theorem 3.6 raises an interesting research question. CHT construct a confidence set
én('fn,b,lfa) such that lim,,_,., P(0; C (:)n(%mb,l,a)) =1 — «, where 7,5 1_4 is a subsam-
pling estimate of the 1 — a quantile 7{__, of the limiting distribution of their QLR-statistic

supg, anQn (). If t7_, = 71_, holds, the confidence sets based on the QLR-approach and our

13The reason we cannot allow the equality t = t}_,, is because the subsampling fails to estimate the quantile
at which the distribution is discontinuous.
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approach are asymptotically equivalent. The question is under what conditions the asymp-
totic equivalence holds. In section 4, we give a partial answer to this question. For models
that involve finitely many moment inequalities, we will provide conditions on the criterion
function and weighting matrix that ensure t7__, = 77"_,.

Based on these results, we propose a generic algorithm to construct the confidence set.

ALGORITHM 3.4: (Iterative Algorithm) Set k > 0 small. Initialize | = 1, and choose t,

small enough.

Step 1. Construct the set estimator ©,,(t;). Estimate the asymptotic 1 — o quantile ¢ (1)
of the scaled directed Hausdorff distance ak/VJH(el, O,(t)) by Algorithm 3.2, obtain-
ning ¢, 1 o(t1). Using ¢ 1, (t), ezpand O, (t;) by Ennialtl) = énfb’l_a(tl)/a,l/7 to
obtain é)i:’b’l_“(tl)(tl).

Step 2. Update the level by setting t; 11 = supe K 1_a(tl>( )anQn(H).
€6, t

Step 3. Repeat steps 1-2 until |t;11 — t] < K.

The iterative algorithm can be proved to yield an increasing sequence {t;,1 = 1,2, --- } that
tends to t]_,. As Theorem 3.6 shows, if the limiting process takes the form Z(p,t) = p(t) +
Z*(p), one can stop at Step 1, as the iteration does not provide any first-order asymptotic
improvement, although it may provide higher order refinements.

The iterative algorithm can be related to a multiple testing problem'®. Romano and
Shaikh (2009) is the first article that considered a step-wise procedure to construct a confi-
dence set for ©; using CHT’s QLR statistic. As we will show below, Algorithm 3.4 can be
interpreted as a reduced form of a step-up procedure that controls the family-wise error rate
of a multiple testing problem.

Consider the following family of hypotheses:
Ho,:09C 07, Og€k,. (3.8)

Each hypothesis in the family is indexed by a compact convex set ©g. For this multiple

testing problem, we aim to control the following family-wise error rate (FWER):
FWER := P (reject at least 1 hypothesis Hg, s.t. ©9 C Oy).

Below, we consider subcollections of IC.. It is convenient to match each subcollection with
a real number ¢. For this, we introduce a mapping L,,. For any ¢ > 0, consider a mapping
L, that assigns a subcollection, L,(t) = {Og : ©g C O,(t)}. Given a subcollection S C K,

Details on the multiple testing problems can be found, for example, in Westfall and Young (1993) and
Lehmann and Romano (2005, Ch.8).
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it is also possible to define a pseudo inverse mapping M, by t = M,(S) := inf{t' : ©y C
O,(t),v0y € S}1°.

We consider the following step-up procedure. The procedure starts with an initial subcol-
lection S C K. of hypotheses. In the first step, we look at hypotheses in Sf, the collection of
sets that are not in S7. We then find the hypothesis that gives the least significant statistic
value and compare this value with a common critical value. If the least significant statistic’s
value exceeds the common critical value, we reject all hypotheses in S{ and stop. Otherwise,
we accept the hypotheses that give values below the common critical value and add them
to S1. We call this new collection S;. In the next step, we test all hypotheses in S5, which
are not accepted in the first step. If the hypothesis with the least significant statistic is
rejected, then we reject all the hypotheses in S§ and stop. Otherwise, we proceed to test the
hypotheses that are not accepted in the first and second step. We repeat this until we stop.

Formally, the step-up procedure can be summarized as follows.

ALGORITHM 3.5: (Step-up Procedure) Initialize | =1 and t;. Set Sy = Ly (t;).

Step 1. Construct the set estimator O, (t;). If for all O € Sy, a}L/WJH(GO,@n(tl)) >
Cp1—a(t1), then reject all hypotheses in Sf and stop.

Step 2. Otherwise, set S;y1 = {©g € K. : a}l/WJH(@O,@n(tl)) < éZbJ—a(tl)}? set tj1 =
My, (S1+1), and proceed.

Step 3. Repeat Steps 1-2 until the procedure stops.

For each [, S} represents the family of hypotheses that are not previously accepted. In each
step, the procedure compares the least significant test statistic infg,ese ayl/ VJH(G)O, én(tz))
and a common critical value é;:m_a(tl). In each step, if the procedure does not reject
all remaining hypotheses, it creates a random collection of compact convex sets S;. The
procedure continues until it rejects all hypotheses that have not been previously accepted.
If the procedure stops after the L-th iteration, we can use Sp as a confidence collection.
Further, the union of all sets in this collection is a confidence set for ©; by Theorem 3.5 (ii).

If @,,(0) is continuous, the updating rule in Step 2 of Algorithm 3.5 can be written as

tiy1r = My (Si+1)
=inf{t: 0y C Ou(t), VO € S41}

=inf¢t: sup a,Qn(0) <t

eresl+1 S0

= sup anQn(G)

é u.l/’y
énn,b,lfa(tl)/ n (tl)

5Note that M, (L. (t)) =t if Q, is continuous, but in general L, (M, (S)) 2 S.
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Thus, the step-up procedure yields the same sequence {t;,l = 1,2,---} as Algorithm 3.4. We
can view the updating rule of Algorithm 3.4 as a reduced form of the step-up procedure.

We now establish that this procedure asymptotically controls the FWER.

THEOREM 3.7 (Control of FWER): Suppose the conditions of Theorem 3.6 hold. Then
the step-up procedure asymptotically controls the FWER in the strong sense, i.e.,

lim FWER < a,

n—oo

for all possible constellations of true and false hypotheses.

Our treatment of the multiple testing problem defined in eq. (3.8) enables us to use
random collections of sets as building blocks. Alternatively, one may consider the family
{Hp, : 6p € O} indexed by 6y € ©. In this case, one may construct an analogous step-
up procedure that starts with a initial set S; C © and steps up using the scaled directed
Hausdorff distance statistic a}/VCfH({HO}, ©,(t;)). It can be shown that for any I = 1,2,---, S
equals s, Op; this alternative procedure thus yields the same confidence set as before. This
alternative approach is more analogous to Romano and Shaikh (2009)’s step-down procedure,
as the hypotheses are indexed by 8y € ©. Both the step-up and step-down procedures control
the family-wise error rate. Comparing the power of the two procedures is an interesting topic

for future work.

3.4 Inference for Points in the Identified Set

As Imbens and Manski (2004) discuss, it is often of interest to test hypotheses regarding
the true parameter value that generates the data'. As the true parameter value cannot be
distinguished from any other element of Oy, a relevant question would be whether or not a
given parameter value 6 is observationally equivalent to the data generating parameter value,
i.e. g € ©f. The scaled directed Hausdorff distance can be used to test this hypothesis. The
test can then be inverted to yield a confidence set that asymptotically covers each point in
O1 with at least a prespecified probability.

Bontemps, Magnac, and Maurin (2007) extend Imbens and Manskis’ (2004) results to
set-identified linear models. Our results in this section extend them further to the class of
problems that can be studied in the extremum estimation framework.

Let 6y € ©, and consider testing
Hy:60y€0; wvs. H1:90¢@[. (39)

This can be equivalently stated as Hy : (p,6p) < s(p,01),Vp € St ws. Hy : (p,6y) >

16See also Woutersen (2006), Fan and Park (2007), and Stoye (2009) for extensions of Imbens and Manski’s
(2004) analysis.
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s(p,07),3p € ST Suppose for the moment that y € 9O;. In this case, there exists
po € S%1 such that (pg, o) = s(po, ©1). This pg is a maximizer of (p, ) — s(p, O1). As such
a po may not be unique, let Sp, := {p € ST : (p,6o) = s(p,Or)}.

For each n € N, let p, € ST be a vector that maximizes (p, g) — s(p, On(t)). We use the
directed Hausdorff distance statistic to test the hypothesis. Given 6y, we define the statistic

Ty (1) = @/ Vdp ({60}, On(1))

= sup_al/7 {(p,00) — 5(p,6u())}
pegdfl

= al/"{(pn,00) — 5(pn, On(t))} 4.

J’_

Lemmas in the Mathematical Appendix show T, () LA {—Z(po,t)} under appropriate reg-

n700
ularity conditions.

For each o € (0,1) and t € R4, let
o t)=inf{x: P{-Z2(p,t)}+ <zx)>1-a}.

Similar to the inference for ©r, we estimate ¢;” ,(p,t) by subsampling. An aspect specific to

pointwise inference is that we use the quantile ¢~ (po, t) evaluated at po.

ALGORITHM 3.6: Lett > 0 and 0 < a < 1 be given. Let b := b, < n be a positive integer.

Let Ny p = (’g) denote the number of subsamples of size b from a sample of size n.

Step 1. For k = 1,---, Ny, construct én,b,k(t)v the set estimator for the k-th subsample,
computed as a t-level set of the criterion function o p (X, -+ s Xp,,0) = aanyb,k ( Xk,

oo, Xy, 0), with the obvious notation.

Step 2. For k=1,---,Nyy, and for each p € St compute {=Znpk(p,t)}+, where
Zp k(1) = a7 [5(p, Onp k(1)) = 5(p, Ou(1))].

Step 3. For each p € SY=1, compute the 100x(1 — a) % quantile of the subsampling distribu-
tion, given by
é;:b,lfa(p,t) = inf {:L’ : F,Z’b(x,pjt) >1— a} 7
where

Frs -1
wp(@pt) = Noy > Lo <o)
1<k<No

For each p € S and t € Ry, let F~(z,p,t) := P({—Z(p,t)}, < z) define the CDF of
{=Z(p,t)}+. The next theorem establishes the validity of subsampling.
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THEOREM 3.8: Suppose the conditions of Theorem 3.1 and Assumption 3.2 hold. Suppose
that b — oo and b/n — 0 as n — oo. Let ﬁ'ﬁ)(',p,t) and ézm_a(p,t) be computed by
Algorithm 3.6. Then for givent € Ry, a € (0,1), and each p € S*1,

(i) If x is a continuity point of F~ (-, p,t), then F;b(:c,p, t) — F~(x,p,t) in probability;

(i6) If F~ (-, p,t) is continuous except at x = 0, then for any € > 0, Sup|> |F7;})($,p, t)—
F~(xz,p,t)| — 0 in probability;

(ii) If F— (-, p,t) is continuous at ¢, (p,t), then

Jim P ({=Zn(p,t)}4 < Ep1alpit) =1-0

As a corollary of this result, we can show that the test has exact size for some 0y € Of

and is consistent against any fixed alternative hypothesis.

COROLLARY 3.4: Suppose the conditions of Theorem 3.8 hold. Suppose the conditions of
Lemma A.7 also hold.

(i) If 6y € ©r and if for givent € Ry and o € (0,1), F~ (-, po,t) is continuous and strictly
increasing at ¢, (po,t), then é;’mfa(ﬁn, t) = ci-o(po,t) +0p(1), and the test has asymptotic

rejection probability o :

lim sup P (T790 (t) > é;’b,l_a(ﬁn,t)) = .

n—o0 n
00O

(i) If 6y ¢ Oy, then for any t € Ry and o € (0,1), the test is consistent:

lim P (T;ﬂ0 (t) > é,;b,l_a(ﬁn,t)) =1.

n—oo

The confidence set for 6y is obtained by inverting the test. Define

@n,b,lfa(t) = {90 €0O: TT:90 (t) < é;:b,lfa(ﬁmt)}'

Note that ér?,b,l— ., depends on 6y through p,. This dependence of the critical value on 6y
reflects how precisely each boundary point of O can be estimated. The following theorem

shows that this confidence set has the correct coverage probability.

THEOREM 3.9: Suppose the conditions of Theorem 3.8 hold. Then for a given « € (0,1)
lim,,— infg()e@I P (90 S én,b,lfa(t)) =1—-q

Note the difference between this confidence set and that for the identified set. To construct
Onb1_alt), we use Crbi—a(Pn,t) as a critical value, instead of ¢,7; ,(¢). Intuitively, the
former takes into account how precisely the support set of Oy for the specific normal vector
po is estimated. On the other hand, the latter takes into account how precisely the whole

boundary of Oy is estimated.



Bontemps, Magnac, Maurin (2007) study a confidence set whose coverage is asymptoti-
cally valid uniformly over possible values of a nuisance parameter A = sup,cgi—1 s(p,©1) —
s(—p,©71), the maximum length of the identified set. Developing an extension of Theorem

3.9 in this direction is an interesting topic for future work.

Power against Local Alternatives

So far, our discussion has been based on the fixed probability measure P = Py, ¢,, where
Oy is the parameter associated with the true DGP and ©; the identified set. In this section,
we consider the power of the test against a sequence of alternatives {P, g,} indexed by
parameter values {6,,} while fixing the identified set.
If 6y is in the interior of O, it can be shown that the test has no power against alternatives
in the neighborhood of 6. In the following, we therefore study the case where 6y € 007.
Let m, 5+ : © — [0, 1] be the power function defined by

Tuni(0) = Pro, (T;e(w > 61 alfm, t)).

Let h > 0. Consider the sequence of alternatives {6, } that satisfies 6,, := 6y + A/ al 7. where
0y € 007, and A € R? satisfies (pp, \) = h. In terms of the support function, the local
parameter has the property that (po, 6,,) = s(po,O1) + h/ al. Therefore, for this sequence,
the local deviation from the null hypothesis is measured by a distance in terms of the support
function, and its magnitude is controlled by the parameter h.

The power of the test has the following properties.

THEOREM 3.10: Suppose the conditions of Theorem 3.8 hold. Then (i) The test is asymp-
totically locally unbiased: liminf, oo m,p+(0n) > o for any h > 0;

(i) The limiting power function satisfies

liminf 7, 5 ¢(0,) > liminf Py o, [ . inf Ca(0,0) >t
n—00 n—00 heem . (b0rt).p0
> Ppo, | . if (0,0 >,

h—c7”_ ., (Po-t),Po

where

R rotywn = H(®:01) X (Kh—c> (po.tyoo N L)
={(0,)) : (po,0) = 5(po, ©1), (po, A) = h — 1”5 (po, 1), A € L},

for some compact set L.



The power depends on the event

inf G0, A) > t. (3.10)

Rh—Cf_a (po-t);po

This representation gives several insights. First, as a natural consequence of the construction
of the local alternatives, the asymptotic power of the test is fully determined by pg and h,
given t. Note that the infimum on the left hand side is essentially determined by the set

Kn_c otyp = 1A 1 (P0; A) = h — e o (po, 1)}

From this, one can see the test has the same power against two distinct alternatives 6,, and 6/,
that are on the same hyperplane with the normal vector pg, which has the distance h/ a,lﬂ/ 7 to

8 po,t),po ) L
is separated from the level-t set of (,(fy,). One can show that the probability of the event

(po.,t),po [ L
escapes to the horizon, and the infimum over this set becomes arbitrarily large, which drives

fo. This is because we reject the hypothesis if and only if the constraint set K h—cr
above is asymptotically & when h = 0. As h increases, the constraint set K h—c

Tnbt(0n) to one as h — oo.

Second, for a given t € Ry and pg € S¥ 1, the slope of the power function as a function
of h is determined by the shape of the criterion function. If the econometrician wishes to
achieve a rapid increase in power against alternatives that are away from the null with a
specific direction pg, she should choose a criterion function @, to force C~n(90, -) to grow more
rapidly in the direction pg. This makes it more likely for the left hand side of eq. (3.10) to
exceed t.

Third, for a given h > 0 and t > 0, the power differs with pg € S*! depending on the
precision with which each support set is estimated. This explains why we use different critical

values for different directions when we constructed (L)n,bvl,a(t).

An Extension of Pointwise Inference

A simple extension of pointwise inference yields a conservative test for a hypothesis that ©;
has a nonempty intersection with a known set ©g. When Oy is a set of parameter values that
satisfy some restrictions, this test can be used to assess the validity of such restrictions. This
type of hypothesis has been studied in Romano and Shaikh (2008) for parametric models and
Santos (2007) for nonparametric models.

Now let ©¢ € K be a nonempty closed subset of ©. Consider testing
Hy:00NOr#2 ws. Hy:09NO;=a. (3.11)

Here, ©¢ collects parameter values that satisfy the restrictions of interest. The null states

that there is at least one element in the identified set satisfying the restrictions. Rejection
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means that none of the parameters in the identified set satisfy the restrictions, implying that
the data generating parameter value does not satisfy the restrictions.

The null hypothesis can be equivalently stated as Hy : 30y € ©¢ such that {6y} C Oy.
Note that infg,co, JH({HO}, ©7) = 0 under the null hypothesis, and infg,ce, JH({HO}, ©7;)>0
under the alternative hypothesis. Therefore, a natural test statistic is infg,co, 1,5, (t) =

infg,co, a}/vdﬁH({Go}, ©,(t)). The triangle inequality (3.6) implies

inf d({0o},0,(t)) < inf dg({6o},01)+ du(Or,On(t)).
[SSH [SSH

Under the null hypothesis, the first term on the right vanishes. Therefore, we can use the
asymptotic conservative critical value ¢ % ; o (t) computed by Algorithm 3.2 to test the hy-
pothesis. As a corollary to Theorem 3.4, results for the rejection probability and the consis-

tency against fixed alternatives follow as before.

COROLLARY 3.5: Suppose the conditions of Theorem 3.4 hold. Let ©g be a monempty
closed subset of ©°.
(i) If © N Or # & and F~(-,t) is continuous and strictly increasing at ¢, (t), then

A—

Cp1—a(t) = 124 (t) + 0p(1) and the test has asymptotic rejection probability bounded above

by « :
lim P< inf 7,5 () > é;b,l—a(t)> <

n—oo &SN

(ii) If ©9g N O = &, then the test is consistent:

Jim P (eol?(go T (1) > Cn,b,l—a(t)> =1
One may envisage other extensions of pointwise inference. One such possibility is inference
on linear functionals of fy. This extension is straightforward in our framework, as any linear
functional of fy can be represented as (p,fg) for some p € R?. This may also be extended to

nonlinear functionals, but to keep a tight focus here, we leave that analysis to elsewhere.

4 Moment Inequality Models

In this section, we pay special attention to a class of economic models with an identified
set defined by finitely many moment inequalities. This class has been extensively studied
recently'”. Leading examples in this class of models are a regression model with censored

outcome variables (Manski and Tamer, 2002), entry game models (Ciliberto and Tamer,

'"Recent research in this area includes Andrews, Berry, and Jia (2004), Pakes, Porter, Ho, and Ishii (2005),
Rosen (2008), CHT, Fan and Park (2007), Galichon and Henry (2007), BM, Andrews and Guggenberger
(2009), Andrews and Soares (2009), Bugni (2009), Canay (2009), Galichon and Henry (2009), Hahn and
Ridder (2009), Moon and Schorfheide (2009), and Yildiz (2009).
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2009), and dynamic game models (Bajari, Benkard, and Levin, 2007). We first show that this
class can be studied within the framework developed above. We provide a set of conditions
for this class that ensure the high level assumptions presented in sections 2 and 3. In section
4.2, we provide additional results that can be obtained by using CHT’s quadratic criterion
function. In particular, we establish the asymptotic equivalence of the squared directed
Hausdorff distance statistic and CHT’s QLR statistic.

4.1 General Results for Moment Inequality Models

In the following, we use E and E, to denote the expectation operators with respect to the
data generating probability measure and the empirical measure, respectively. We consider
functions m; : RF x R4 — R, j = 1,---,J, that define the following moment inequality
restrictions.

E(mj(X;0)) <0, j=1,---,J.

Interest attaches to the identified set, which comprises the values at which the moment
inequalities are satisfied: ie., O :={0 € ©: E(m;(X;0)) <0,j=1,---,J}.

Let mg be a J x 1 vector whose j-th component is m;g := m;(X;8). Let P; be the space
of symmetric positive definite real-valued J x J matrices, and let P be the space of symmetric
positive definite extended real-valued J x J matrices. For any § € R?, let W(6) € P; be a
weighting matrix, and let {Wn :Q x R? — P;} be a sequence of (possibly random) positive
definite weighting matrices. For brevity, we write W, (0). We consider population and sample

criterion functions of the form:

Q(0) = ¢ (E(mg), W(6))
Qul6) = ¢ (En(mo), Wa(0))
where ¢ : R7 x P; — R, is a non-negative continuous function of the moment condition and

the weighting matrix. For example, CHT and Romano and Shaikh (2008, 2009) consider the

following functional form for Q,:

where W, () is the j-th diagonal element of W,,(#). Manski and Tamer (2002) and Rosen
(2008) use the form:

A~

Qn(0) = inf (Ey(mg) — 1) Wi (0)(En(mg) — ),
HERL

where RY = {z ¢ R : z; <0,57=1,---,J}. We focus on a class of criterion functions that
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includes the examples above as special cases'. We assume the following regularity conditions

on the parameter space, the moment conditions, and the “index function” ¢.

ASSUMPTION 4.1: Let J € N. ¢ : R/ x P; — R, is a non-negative continuous function
such that for any w € Py, o(y,w) = 0 if and only if y <0, i.e. y; <0 forj=1,---,J,
and p(y,w) = oo if y or w contains an infinite element. Let © C R, d € N, be compact and
convex with nonempty interior. Let W : R* — P; be a measurable mapping, and suppose
that W is finite and continous on © and that if 6 ¢ © then det(W(6)) = co. Let k € N; for
each j =1,---,J, m;j: R* x RY — R is jointly measurable, and for each x € R*, if 6 ¢ ©
then mj(z,0) = co. Let (Q,§, P) be a complete probability space. Let {X; : Q@ — R¥} be a
sequence of identically distributed random vectors such that for each 0 € © and j=1,---,J,
E(m;(X;,0)) < oco. Let Wy, : Q x RY — Py be jointly measurable, and suppose that for each
w € Q, Wy(w,-) is finite and continuous on O, uniformly in n, and for each w € Q, if ¢ ©
then det Wy, (w,0) = co. Define Q(0) := o (E(mqg), W (6)) and Qn(0) := ¢(Ey(mg), Wi (6)).

Assumption 4.1 ensures that Assumption 2.1 holds for moment inequality models. The
assumed continuity of W on © and its behavior outside of © ensures that its minimum
eigenvalue is bounded from below by a positive constant over R?. The almost sure properness
of the sample criterion function @, is ensured by the requirements that ¢ is a nonnegative
function and that E(m;g) and W (f) are finite on ©. Using the criterion function @, the
identified set can be defined as ©; = {0 : Q(6) = 0}.

The following condition ensures Assumption 2.2.

ASSUMPTION 4.2: (i) There exists § € © such that E(mjg) <0 for j =1,---,J. The
map 0 — @(E(mg), W(8)) is continuous and convex on O; (i) {0 € © : p(E(mp), W(0)) =
0} Cc ©°.

Assumption 4.2 (i) ensures nonemptiness, closedness, and convexity of the identified set.
Assumption 4.2 (ii) ensures that the identified set is in the interior of ©.

Conditions required for the consistency of the set estimator @n(t) are standard.!® In
particular, we must ensure the uniform convergence of (),,. The rate of convergence depends
on the choice of the index function ¢. Here, we give primitive conditions on the moment
conditions and the index function based on CHT’s condition M.2. For this, we introduce the
e-contraction of @y, which is defined by ©;°:= {0 € O7:d(§,0 \ ©1) > €} for € > 0.

ASSUMPTION 4.3: (i-a) There exist 0 < L1 < oo and a continuous increasing function

181t would be interesting to extend our analysis here to a more general class within which we can also
study moment equality models. Such a general class was considered in Andrews and Guggenberger (2009)
and Andrews and Soares (2009).

9Strictly speaking, one needs to establish the measurability of d (©,(t),Or) to discuss consistency. It is
known that the measurability of @n(t) as a random closed set is sufficient for this purpose. For details about
the measurability of level set estimators, see Kaido and White (2008).
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hi: Ry — Ry such that for anyw € Py and z,z* € R, |p(z, w)—p(z*, w)| < Lihy(|[z—z*]),
and there exist 0 < Lo < oo and a continuous increasing function hy : Ry — R, such
that for any * € R’ and w,w* € Py, |o(x,w) — p(z,w*)| < Loha(max; j |w;j — wyjl); (-
b) {mg : 6 € ©} is a P-Donsker class, and W, (0) — W (8) = o,(1) uniformly over ©; (ii-a)
supg, Qn(0) = Op(1/ay); (ii-b) There exist positive constants (C1,0) such that for any 6 € ©,
|E(mg)|l+ > C1min{d(6,0r),d}; (ii-c) There exist positive constants (Ca,v) such that for
any w € Py and x € R7, o(x,w) > Co|z||1; (ii-d) There exist positive constants (Cs, Cy, €)
such that for any 0 < e < € and§ € O, maxi<j<j E(m;p) < —C3e, and dy(©;°,01) < Cye.

Assumptions 4.3 (i-a,b) are sufficient for the uniform convergence of Q,, on ©%°. Assump-
tion 4.3 (ii) collects conditions necessary for the convergence rate result. Condition (ii-a)
requires the sample criterion function @,, to vanish over the identified set at a rate of 1/a,.
Assumption 4.3 (ii-b) requires the norm of E(mygy) to be bounded from below by the distance
from the identified set when 6 is outside ©;. Together with Assumption 4.3 (ii-c), this ensures
the existence of a polynomial minorant, which is required in Assumption 2.3 (ii). Assumption
4.3 (ii-d) requires the moment conditions to take strictly negative values on the contracted
identified set. This enables us to approximate the identified set by its contraction ©;°, on
which the sample criterion function a,@,(6) vanishes. As CHT illustrate, Assumption 4.3
(ii-d) holds in many applications. This condition implies Assumption 2.4, which suffices to
attain the exact rate of convergence a,l/ 7 without setting t > supg a,Qn(0).

The next step is to show that (,(0,)) = nQn(0 + )\/a}l/v) satisfies the local process
regularity conditions given in Assumption 3.1. Most importantly, we need to ensure that fn
weakly epiconverges to a well-defined limit. To illustrate the key ideas, we take a slightly
generalized version of CHT’s criterion function as an example.

Let = o y denote the entrywise (Hadamard) product of z,y € R/. Let s : R — {1,0}’
be a vector-valued mapping whose j-th component is s; = 1{z; > 0}. Let the index function
be defined by ¢(x,w) := le/%Hi := |[w!/?(z 0 5)||>. The sample criterion function is then
Qn(0) = HVAV,}/z(G)En(mg) |2. As the weighting matrix need not be diagonal, this is a slightly
generalized version of the criterion function used by CHT.

With this choice of index function, we can take a, = n and v = 2. That is, n@,(0) has
nondegenerate asymptotics, and \/ﬁdH(@n(t), ©1) = Op(1), given Assumptions 4.1, 4.2, and
4.3. Suppose that my allows a first-order expansion mg« = mg + V'mg(0* — 0) + o(|6* — 6])

on ©°, where Vmy is a d-by-J matrix and o(|60* — 6|) represents a small order term. Under

201f we further assume that 6 — @(E,mg, W, (0)) is globally convex on ©, a weaker assumption that E, (6)
and W, (0) converge in probability pointwise is sufficient as in Andersen and Gill (1982) Corollary I1.2 and
Newey and McFadden (1992) Theorem 2.7.



these assumptions, we can write

G0 ) = ||[VAB g ) W20 + 0 )|
= | WiEnGmo) + BT ma) W20 + AV [ + 001

= [ Gumo + Eu(ma)r + VEEmWL20 + 0| + 0p(1)

~ 2
= | Mo (0, VW20 + A/\/ﬁ)H+ +op(1),

where we define G,, := \/n(E, — E) and M,,(0, ) = G,mg + E,(V'mg)\ + /nE(my).

By the P-Donsker property of the moment functions, G,,;mg wd G(0) in I*°(O), where G is
a J x 1 zero-mean Gaussian process with almost surely continuous paths, and Var(G;(6)) > 0
for each § € ©® and j =1, -+ ,J. Together with the P-Donsker property, a set of general as-
sumptions is often available to ensure that, for each (6, \) € ©° xR%, M,,(6, ) I MO, N) =
G(0) + II(O)A + <(0) and Wy (0 + \//n) 2 W (8), where ¢(A)’s j-th component satisfies

—oo if E(mjg) <0
G(#) =10 if E(mjg) =0 (4.1)

o0 if E(mjg) >0

for j =1,2,---,J. The components of ¢(#) are unbounded if the corresponding population
moment inequalities are not binding, but the truncation operator ()4 makes the criterion
function always bounded from below by 0, which ensures the properness of the limiting
process.

Similarly, for general choice of ¢, one can often show C,(0,)) = (M, (0,\), W, (0 +
A/ ay ")) 4 0,(1) for each § and X. Then the continuous mapping theorem implies

(0, 0) B2 0 (M0, 1), W (0))

Recall that, to apply Theorem 3.1, we need to establish the weak epiconvergence of Q:n instead
of the weak finite-dimensional convergence. Provided that the weak finite-dimensional limit
exists, Knight (1999) shows that the weak finite-dimensional limit is also the weak epi-
limit if and only if the sequence fn(é’, \) is equi-lower-semicontinuous?!. A general sufficient
condition that ensures the desired weak epiconvergence and other local process regularities

is the following.

ASSUMPTION 4.4: (i-a) For each j = 1,---,J, and x € Rk,mj(a:, -) is continuously

differentiable with respect to 6 on ©° with a continuous gradient Vmg(z,-) € R™, and

2!The mathematical appendix summarizes Knight (1999)’s results. When Cn (0, ) is also globally convex,
it suffices to check that the limiting function is finite on some open set. See Geyer (2003) for details.
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for some continuous mapping I1 : ©° - R7*% and each 0 in ©°, E,(V'mg) = T1(0) + 0,(1);
(i-b) V/nE(mg) = <(0) + op(1) for each 6 in ©, where < is defined by Eq. (4.1); (ii) The

map 0 — @(E,(mg), Wn(6)) is convex in a neighborhood of ©p; (iii) The map (6,\) —
O(Mp(0,)), W, (0 + )\/a}lm)) is equi-lower-semicontinuous on ©° x RY.

The conditions in Assumption 4.4 are plausibly general. In addition to the P-Donskerness
of {my : 0 € ©}, we only require the finite-dimensional pointwise convergence of other terms
in M, (0, ). A standard LLN will ensure this requirement.

Next, the following theorem establishes Assumptions 2.1-2.4, and the local process regu-

larity (Assumption 3.1), including weak epiconvergence.

THEOREM 4.1: Suppose Assumptions 4.1, 4.2 4.8, and 4.4 hold.
Then Assumptions 2.1, 2.2, 2.3, 2.4 and 3.1 are satisfied with weak epilimit 5(9,)\) =
@ (M(0, ), W(0)).

Theorem 3.1 now applies. An important corollary is the following.

COROLLARY 4.1: Suppose Assumptions 4.1, 4.2 4.3, and 4.4 hold.
. d > A d
Then \/ndp(On(t),0r1) = [|Z(,t)llca-1y, and /ndp(On(t), Or) = sup,ega-1{—Z(-, 1)},
where Z(-,t) can be represented as

Z(p,t)= sup sup (P A)- (4.2)
0cH (p,©1) Ae{A:p(M(0,X),W(0))<t}
The representation above specifies how the limiting process Z(-,t) depends on the weak
epilimit @(M(6,X), W(6)). Note that the asymptotic distribution of Z(-,¢) depends non-
trivially on the identified set ©Oj.

4.2 A Closed Form for the Limiting Process and the Equivalence of Wald
and QLR Statistics

In the previous section, we provided general conditions for moment inequality models that
ensure the high level assumptions in section 3. In this section, we develop further results that
rely on the properties of CHT’s quadratic criterion function.

The goal of this section is to show that (i) a closed form for the limiting process Z(-,t)
can be derived; (ii) for each p, the limiting process Z(p,t) depends only on the active moment
inequalities at § € H(p, ©y); (iii) a certain choice of weighting matrix W (#) makes the limiting
process take the form Z(p,t) = u(t) + Z*(p); and (iv) The Wald statistic (squared directed
Hausdorff distance) and CHT’s QLR statistic are asymptotically equivalent, under this choice
of the weighting matrix and some additional assumptions.

We introduce some further notation to denote active and slack moment inequalities. For
each 6 € 00y, let J(0) C {1,---,J} be the set of indices associated with active moment
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inequalities, i.e., E(m;g) = 0 for all j € J(0). We denote by J(¢) the number of elements
in J(0). Similarly, let J¢(¢) C {1,---,J} collect indices associated with slack moment
inequalities at 6 € 00y, i.e., E(m;g) < 0 for all 7¢(0).

Let II7(g)(f) denote the J(¢) x d matrix that stacks rows of II(#)) whose indices belong
to J(0). Similarly, let G ;) denote the J(f) x 1 vector of Gaussian processes that stacks
components of G whose indices belong to J (). Let Wy denote the J(0) x J(f) matrix
that collects (i, ) elements of W (0) for i,j € J(6).

We consider the following problem, which is a part of the optimization problem that
defines Z(-,t) in Eq. (4.2), while fixing p € S*1, § € H(p,O1), and t € R,

sup  (p, \) (4.3)
A

st W 0)G)(0) + e @ON|2 <t

Note that the constraint involves only selected rows of M (6, \) whose indices are in 7 (#). This
is because ¢;(0) = —oo if E(m;g) < 0, and the index function ¢ truncates such components.
The rows of M(6, \) with indices belonging to J¢(), therefore, do not marginally affect the
constraint. Note also that the ¢;(#)’s no longer appear in the constraint because ¢;(6) = 0
for j € J(0).

To obtain a closed form for Z(-,t), we assume the following further conditions.

ASSUMPTION 4.5: (i) For each 0 € 0Oy, rank(Il 7)) = J(0), i.e. the rows of the Jaco-
bian matrices are linearly independent; (ii) For each 6 € 001 and p € SY=', there exists a
vector n € Ri(e) \ {0} such that p = H:7(9)77'

Assumption 4.5 (i) is a linear independence constraint qualification condition. This en-
sures the solution to the problem in eq (4.3) satisfies the Karush-Kuhn-Tucker (KKT) condi-
tions given in the mathematical appendix. Assumption 4.5 (ii) is not restrictive, as it usually
holds as a necessary condition for the following auxiliary optimization problem, which can

be used to characterize the boundary points of the identified set:

sup  (p,0)
st. E(mjg) <0, forj=1,---,J.

Using these additional assumptions, we can explicitly solve the optimization problem in
Eq. (4.3) to obtain the following result.

COROLLARY 4.2: Suppose the conditions of Theorem 4.1 and Assumption 4.5 hold. Sup-

pose p(z,w) = Hw1/2x||i. Then the process Z(-,t) in Corollary 4.1 can be represented as

Zp,t)= sup IR0t = (R(p,0), W2 ()G , (4.4)
6cH(DO;) { < J(6) J(a)>}
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where
R(p,0) 1= W i* (T706) ()T 7(6)(0)') ™" Tz6) (0)p-

Furthermore, suppose W () satisfies W7(9)(0) = [IL7(9)(0)IL7(9)(0)'] " for any 6 € 8O.
Then the limiting process takes the form Z(p,t) = u(t) + 2*(p) with p(t) = tY? and 2*(p) =
sUPge 1 (p.0;) — H7(0)(0) 79y (0)'] L 79y (0)p, G 7(9)(6)) -

Equation 4.4 shows the limiting process Z(-,t) depends on the multivariate Gaussian
process G, but again we note that the only selected components of G are relevant. Therefore,
for each p € S¢~1, the asymptotic distribution of the normalized support function depends
only on the active moment inequalities at each boundary point of the identified set. This is
a common feature of the statistics studied in the literature (e.g. Rosen, 2008, Andrews and
Soares, 2009).

If the weighting matrix satisfies Wy g)(0) = [IL7(5)(0)I17()(0)']"" at each boundary
point, then straightforward algebra shows ||R(p, )| = 1, which makes the first term in Eq.
(4.4) independent of #. With this choice of weighting matrix, the limiting process takes the
form Z(p,t) :=t'/2 + Z*(p)*.

We now make use of the representation result above to compare the weak limit of the
Wald statistic with that of CHT’s QLR statistic: supg, a,Qn(¢). The QLR statistic can be

written as

sup anQn(‘g) = max{ sup anQn(e)a sup anQn(e)} :
0O, 0€00; 969

As the second term on the right hand side asymptotically vanishes by Assumption 4.3 (ii-d),
it suffices to study the first term. Using the local process ¢, define

Lo(pu):i= sup  sup (6, M),
0€H (p,O1) \e Ky, p
where K, , = {\ € R?: (p,\) < u}. Note that suppesi-1 Ln(p,0) = supgege, anQn(f). We
therefore study the asymptotic behavior of the process £,(-,u) to study that of the QLR
statistic. The following theorem establishes the weak convergence of £, (-, u). The regularity

conditions for this theorem are given in the mathematical appendix.

THEOREM 4.2: Suppose the conditions of Corollary 4.2 hold. Suppose Assumption A.1

#2Tn sample, one may use a sample analog Wn,jn(g)(H) = (Enw']n(g) [Vmg]En,J,L((g)[Vmg]')*l to construct
Q. Here, for each n, J,(0) is a mapping from © to a subset of {1,---,J} that selects (approximately)
binding sample moment conditions at . Such moment selection mechanisms are studied in Andrews and
Soares (2009).



holds. Then L,(-,u) ud- L(-,u) for each u, and the process L can be represented as

2

Lp,u)= sup [|R(p,0) 7 ({R(p,0),WY2 (0)C7(6)(0) ) +u
bcH(pO)) << J(6) J () > )

L

Based on this theorem, the following corollary establishes two equivalence results. The
first result is the equivalence of the distributional limits of the Wald and the QLR statistics.
The second result is the equality of the levels of the criterion function used by the Wald
approach and the QLR approach to construct confidence sets. Recall that t;_, := inf{¢ :

P(sup,esi-1{—2(p,t)} < 0) > 1—a}, and 71, is the asymptotic 1 — a quantile of the QLR

statistic.

COROLLARY 4.3 (Asymptotic Equivalence for Moment Inequalities): Suppose the condi-
tions of Theorem 4.2 hold. Suppose W (0) satisfies W79y (0) = [IL7(9)(0)I17(9)(0)'] " for each
0 € 00;. Suppose O is strictly convex. For each p € S¥1, let 0;(p) € 0O be the boundary
point of ©r such that H(p,©r) = {01(p)}.

Then, (i)

sup {—Z,(p,t) + 751/2}3L 47 and sup n@y,(0) LN Z,
pESd71 9[

where

2

Z:= sup <(HJ(GI(p))(Hl(p))HJ(91(p))<91<P))/)71 70, (0) (01 (P))p, GJ<9I(p)>(9I(P))>

peSd—1 + ’

(1) 11 = T _a-

Corollary 4.3 shows that our Wald statistic (squared directed Hausdorff distance) and
CHT’s QLR statistic are asymptotically equivalent in the sense that they converge in distri-
bution to the same limit, the supremum of a truncated and squared Gaussian process. The
second result also has important consequeces. It implies the asymptotic equivalence of the
Wald and QLR confidence sets for ©;. This is due to Theorem 3.6. When t7_, = 7/_,,

Theorem 3.6 implies

for any 0 <t < 7{_,. The first argument of dg on the left hand side is the Wald confidence
set, which is an expansion of the set estimator. The second argument is the QLR confidence
set, which is a level set that uses an asymptotic quantile of the QLR statistic as a level.
Despite the fundamental difference in ways these confidence sets are constructed, they are
asymptotically equivalent in terms of the Hausdorff metric. These are fundamental results
that establish the relationship between the Wald and QLR approaches.
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5 Examples, Monte Carlo Experiments, and Applications

5.1 Examples

In this section, we analyze two examples studied in the literature using our inference method.
The first model has an identified set that is a closed interval. Using this example, we illustrate
our equivalence results in more detail and give a new interpretation to the results established
by BM.

EXAMPLE 5.1 (Interval Identified Model): Let X be an unobserved random variable with
mean § = E(X). Let X1 and Xy be observable random wvariables that satisfy the moment
inequalities E(X1) < 0 < E(X3).

Let 1 = E(X1;) and 02 = E(X9;). The identified set for 6 is a closed interval O = [61, 02].
Following the analysis in section 4, ©; can be characterized as a set of minimizers of the

criterion function

Q8) = IW (8)"*E(mo)|1%.

where mg = (X7 — 6,6 — X3)'. Define the sample criterion function by
Qn(0) = ||Wn(6)1/2En(m9)”2+-

For simplicity, we set W (#) and W, (6) to the identity matrix.

It is straightforward to show that these population and sample criterion functions satisfy
Assumptions 4.1, 4.2, 4.3, and 4.4. The following results follow immediately from Corollaries
4.1 and 4.2,

COROLLARY 5.1: Let ¢ be a 2-by-1 vector of ones. Lett € Ry. Suppose
. ~ d
(Vr(En(X1i) = 01), vVn(En(X2i) — 02))" = N(0,9)

and —o00 < 01 < 0y < c0.

Then /ndp (O,(t), ©1) % max{|Z(—1,1)|,|2(1,t)|} and

Vndg (01, 60,(t)) < max{—Z(—1,t)+,—2Z(1,t)+}, where Z(p,t) is a Gaussian process on
SO = {—1, 1} with mean t'/?¢ and covariance kernel B[Z(—1,t)Z(—1,t)] = Qu1, E[Z(1,t)Z(1,1)] =
Qa2, and E[Z(—1,t) Z(1,t)] = —Q12.

This result is closely related to that presented by BM (Theorem 3.1), which shows that
the normalized support function of their set average estimator weakly converges to a zero-
mean Gaussian process that has the same covariance kernel as Z(-, t). In fact, if we set t = 0,
the level set estimator is analytically identical to their set-average estimator for this class of
problems. An additional interesting result is that, under this choice of the weighting matrix,

the squared directed Hausdorff distance is asymptotically equivalent to CHT’s QLR-statistic.
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We summarize these equivalence results as follows:

THEOREM 5.1: Let the assumptions of Theorem 5.1 hold. Let W, := v/ndg(©1,©,(0)).
Let QLR := supgee, nQn(f) be CHT’s QLR statistic. Let W, := /ndy(©7,0,) be BM’s
Wald statistic, where ©,, = n~* D, Fi and F; = [X1;, Xo;] fori =1,--- ,n. Let Z be the

process given in Corollary 5.1. Then

W2 4 max{(—2(~1,0))%, (~2(1,0))2 } (5.1)
QLR imaX{(—Z(—l,O))i,(—2(1,0))3} (5'2)
W2 4 max{(—Z(-1,0))%, (—2(1,0))2}. (5.3)

The asymptotic equivalence of CHT’s QLR statistic and BM’s Wald statistic in equations
(5.2) and (5.3) is due to BM’s Theorem 3.1. Here, Theorem 5.1 adds eq. (5.1).

As we have seen in the previous section, the squared directed Hausdorff distance becomes
asymptotically equivalent to CHT’s QLR statistic when the weighting matrix satisfies the
conditions of Corollary 4.3. As the identity matrix satisfies these, the asymptotic equiva-
lence of W2 and QLR,, follows?3. Further, for this example, the set-average estimator is a
set of minimizers of the truncated squared loss function; this therefore becomes a level-set
estimator with ¢+ = 0. Thus, the “exact” equivalence of W2 and W2 holds. In sum, the
asymptotic equivalence result formerly presented by BM can be understood as a combina-
tion of (i) the asymptotic equivalence of the Wald statistic and the QLR statistic for the
class of moment inequality models and (ii) the equivalence of the level-set estimator and the
set-average estimator under the specific choice of criterion function.

In this example, we may interpret BM’s set-average estimator as a set-valued quasi max-
imum likelihood estimator (QMLE) of ©7, where the quasi-log likelihood function is the
truncated squared loss used by CHT. This is analogous to the point identified case, where
the sample average is the QMLE for the location parameter, under the specification that
the data are randomly sampled from a normal distribution, which gives a squared error loss
function. It is of interest to extend this notion to a more general class of problems.

The second example studies a regression model with interval-valued outcome variables.

Our Monte Carlo experiments will be based on this example.

ExXAMPLE 5.2 (Regression with Interval-Censored Outcome): Let § € © C R, Consider
the DGP:
Yi=X0+¢e, i=1,2,--- n,

where Ele;|X;] = 0 for alli = 1,--- ,n. The outcome variable Y; is not observed but the

23Here, we use W(0) = I, the identity matrix. Since the two constraints don’t bind at the same time,
the weighting matrix for the equivalence should satisfy Wi (61) = (H1(01)H1(91)')71 = 1 and W2(6h) =
(M2(62)T12(A2)) " = 1. Obviously, the identity matrix satisfies this condition.
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outcome interval [Y1;, Y, is observed for each i = 1,--- ,n. The outcome interval satisfies

the following moment inequalities
EV1i1X;]) € X]0 < E[Yy%|X;], a.s.
The identified set can be defined as the set of minimizers of the following criterion function:
Q0) == / (E(YiilX; = 2) — 2/0)% + (/0 — E(Yal X; = 2))2.dP(x).

Following Chernozhukov, Hong, and Tamer (2004), we use the following minimum-distance

type sample criterion function

Qu(0) = 1S (Bu(V1X0) — XI6)% + (X16 — Bu(13lX0)2,
=1

where E,,(Y1]|X;) and E,(Y3|X;) are estimators of E(Y1;|X;) and E(Ya;|X;), respectively.

In our Monte Carlo experiments, we study the cases where X; is a vector of discrete
random variables supported on {z1,---,z;5},J € N. For these cases, we use En(YllXZ =
xj) = nj_l Zi:Xi:wj Vi and B, (Ya|X; = x;) = nj_l Zi:Xi:mj Ys; as estimators, where n; =

> HXi =}

The sample criterion function can be alternatively written as
371/2 00\ £ 2
Qn(0) = [Wa/2(0) En(ma)|I%,
where my is a 2J-dimensional vector whose components are

nﬂ](}/h —Xz(g)l{Xi:%_} for j=1,-- ,J
(XG0 — Ym‘)l{xi:xj} for j=J+1,---,2J.

J

mj;e =

)

The weighting matrix Wn(é?) is a 2J x 2J diagonal matrix whose j-th diagonal element is
n;j/n. Therefore, the example above can be studied within the framework presented in section
4. Tt can be shown that this model also satisfies the conditions of Theorem 4.1. We use this

example to evaluate our inference method.

5.2 Monte Carlo Experiments

We conduct a Monte Carlo experiment using Example 5.2 to examine the performance of our
inference methods. In both designs, the regressor X; = (1, Xy;) consists of a constant and a
real random variable Xo;.

We use the same data as Chernozhukov, Hong, and Tamer (2004). The original data
is taken from March 2000 wave of the Current Population Survey (CPS) with 13,290 ob-
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servations on income and education?®. Chernozhukov, Hong, and Tamer (2004) bracketed
each individual’s log-income into 15 different categories. We let Y3; (Y2;) be the lower (up-
per) bound of the bracketed log-income of each individual. Chernozhukov, Hong, and Tamer
(2004, sec 4) provide further details of the construction of the data. We randomly draw sam-
ples of size n = 1,000 or 2,000 from this CPS population and check the coverage probabilities
of the Wald confidence set under different values of the subsample size b.

For this exercise, we use a grid of points {p; = (cos(w;),sin(wy))’,l = 1,---, L} with
L = 100, where each w; is taken from an equally spaced grid of points on the inter-
val [0,27]. We use Algorithm 2.1 to compute the support function of the set estimator.
This algorithm is quite fast. For samples of size n = 1,000 and 2,000, it takes only 0.051
and 0.054 seconds respectively to compute the support function and approximate boundary
{0,(p1,t),1 =1,--- L} of the set estimator ©,,(¢).

The initial choice of the level ¢ is made in a similar manner to Chernozhukov, Hong,
and Tamer (2004). First, we consider an auxiliary point-identified model, where the lower
and upper bounds for the individual log-income are Yi; = Yo = (Y1; + Y5;)/2 for any 1.
We use the criterion function @), applied to the data {(Y’u,ffzi)’i =1,---,n} and compute
quantiles of the statistic 7.(Q, (%) — Qn(6%)), where 62 is the minimizer of the population
criterion function and éﬁb its estimator. Let fao be the 100xap% quantile of the statistic.
Chernozhukov, Hong, and Tamer (2004) recommends using t,, with properly chosen a¢ as an
initial level. If Z,, is too large, the resulting set estimator may not be expanded because its
coverage probability is likely to exceed 1 — . Therefore, it is desirable to set ag to a value
less than the nominal level 1 — a.

Table 1 reports the coverage probabilities of the Wald confidence set under different values
of b and ag. We also include the coverage probabilities of the QLR confidence set reported by
Chernozhukov, Hong, and Tamer (2004) for comparison. The nominal level is 1 — o = 0.95.
The QLR benchmark is reported in the third row. We first set ag = 0.5 (median) for choosing
the initial level. Overall, the Wald confidence set’s coverage probabilities are close to those of
the QLR confidence set, which supports our theoretical results. We also report the coverage
probabilities for the case ap = 0.75. Under this initial choice of level, the Wald confidence
sets’ coverage probabilities are closer to the nominal level in every case.

We note that the QLR confidence sets’ coverage probabilities improve as we move from

n = 1,000 to n = 2,000. This behavior is not so apparent for the Wald confidence sets.

24We use the dataset that is distributed with a Matlab package by Beresteanu, Molinari, and Wang (2009).

25The reported values are the average elapsed time to compute the support function and approximated
boundary of the set estimator from simulated samples of size n = 1,000 or 2,000 drawn for S = 2,000 times.
Computation was implemented by a code written in R (and partly in C) on a computer with Intel Core 2
Quad CPU 2.5 Ghz and 6GB memory.



Table 1: Coverage Probabilities (1 — a=.95) of Wald and QLR Confidence Sets

Subsample Size

n=1,000
b=50 b=80 b=120 b=200 b=300
Wald (ap = 0.5) 0.878  0.887  0.886  0.889  0.909
Wald (ap = 0.75) 0.957  0.962 0953  0.956  0.956
QLR 0.851  0.880  0.872  0.931  0.912

n=2,000

b=200 b=300 b=400 b=500 b=600
Wald (agp =0.5) 0.874 0.873 0.874 0.880 0.888
Wald (ap = 0.75) 0.937 0.925 0.925 0.930 0.928
QLR 0.861 0.882 0.905 0.950 0.933

Note: Empirical coverage probabilities of the Wald and QLR confidence sets under different values of
subsample size b. The coverage probabilities of the QLR confidence set are taken from Chernozhukov,
Hong, and Tamer (2004). Monte Carlo simulations m = 2,000, subsample replications B = 2,000,
significance level a = 0.05.

6 Conclusion

In this paper, we introduce an inference framework for partially identified econometric models
that unifies two general approaches recently proposed in the literature: the criterion function
approach and the support function approach. This yields inference tools that have the wide
applicability of the criterion function approach and the computational tractability of the
support function approach.

We consider the general case where the identified set ©; is the set of minimizers of
a criterion function, estimated as an appropriate level set of a sample criterion function,
following CHT, and represented as a support function, as in BM. This yields Wald-type
inference methods, significantly extending recent work of BM and Bontemps, Magnac, and
Maurin (2007), each of which studied special classes of econometric models. Specifically,
given a compact convex set Og or a point 6y, we present tests for set equality Hy : O = O,
set inclusion Hy : ©¢ C Oy, and point inclusion Hy : 0y € Oj.

The test for set equality can be inverted to construct a confidence collection that contains
the identified set as an element, with a specified confidence level. This type of inference
is as yet unavailable within CHT’s framework. The test for set inclusion can be inverted
to construct another confidence collection, containing each subset of the identified set as an
element. Taking the union of the elements of this collection yields a confidence set that covers

the identified set, comparable to CHT’s confidence set. We provide a new, practical step-up
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algorithm for selecting the level ¢ used to construct this confidence set. This removes the
arbitrariness in the choice of ¢ characterizing previous methods. The test for point inclusion
can be inverted to construct a confidence set for each point in the identified set, comparable
to methods of Imbens and Manski (2004), CHT, Romano and Shaikh (2008), and Andrews
and Guggenberger (2009).

We also contribute to the literature on moment inequality models by establishing the
asymptotic equivalence of our Wald statistic and CHT’s QLR statistic. We show that this
implies the asymptotic equivalence of the Wald confidence set and CHT’s confidence set.
This equivalence suggests that further investigation into the general relationship between
these two approaches, beyond the moment inequality framework, is an interesting topic for
future research.

Another interesting direction for further research is the development of Lagrange Multi-
plier (LM)-type analogs of the Wald-type statistics analyzed here. One may expect that under
suitable conditions, LM- and Wald-type statistics may also be asymptotically equivalent in
partially identified models, and that under further conditions, these may be asymptotically
equivalent to QLR-type statistics. Obtaining these equivalence conditions is an interesting
direction for future research.

For testing hypotheses and constructing confidence collections and confidence sets, we
propose a general subsampling procedure. This procedure is valid pointwise, as we derive our
results under a fixed probability measure. As Romano and Shaikh (2008, 2009) and Andrews
and Guggenberger (2009) point out, however, establishing the uniform asymptotic validity of

subsampling is important for partially identified models and is one of our future tasks.



A Mathematical Appendix

A.1 Consistency and Rate of Convergence of the Level Set Estimator

We summarize below CHT’s consistency and the rate of convergence result. Assumption
2.3 (i) requires one-sided uniform convergence of @, to its population counterpart, which is
slightly more general than usual uniform convergence supgeg |@Q(0) — Qn ()| = 0p(1). As-
sumption 2.3 (ii) is one of the key conditions utilized by CHT, requiring the sample criterion
function to approximate the population counterpart at 1/a, rate over ©;. This condition
ensures that their QL R-statistic supycg, an@n(f) is nondegenerate. Assumption 2.3 (iii)
requires the existence of a polynomial function in the distance from ©j, which stochasti-
cally minorizes (bounds from below) the sample criterion function in a neighborhood of the
identified set. It is then immediate from CHT’s Theorem 3.1 that the following results hold.

THEOREM A.1 (Consistency and Convergence rate): Let t be a positive finite constant.
Let t, = tk, where Kk, is a positive slowly increasing sequence such that k, — oo and
kn/an = op(1). Suppose Assumptions 2.1, 2.2, and 2.3 (i), (ii) hold. Then, with probabil-

A~

ity approaching 1, ©y(t) € O and ©; C Oy(t,). Furthermore, dg(©n(tn),0r) = op(1).

Suppose, in addition, Assumption 2.3 (iii) holds. Then, r,dp(On(tyn),0r) = Op(1) with
= (an/ max{1, K, })"/7.

For the proof, see CHT’s Theorem 3.1.

A.2 Proof of Lemma 3.1, 3.2 , and Lemma 3.3

DEFINITION A.1 (Level boundedness): The function f : R? — R is level-bounded if the
level sets {x : f(z) < a} are bounded for any o € R.

If a function f : QxR — R is such that f(w,-) is level bounded for allw € F € §, P(F) =1,

then we say f is level bounded almost surely (a.s.).

Proof of Lemma 3.1. Note that Assumption 2.1 ensures that ¢, is proper. In addition, the
compactness of © and the assumption that Q,(w,0) = oo a.s. for § ¢ © ensure that ¢, is
level-bounded almost surely. For each w € {w : (, is Isc}, we have

A~

s(p,On(t)) <u<s sup (p,fd) <u
0€6,,(t)

& (p,0) <u, Ve,
& 0,(t) CO\ Kup

& K,,NOC O\ 0,1

& (0) >t, Ve K,p,NO
< inf @gn(ﬁ) > t,

0€Ku,pN

where the second equivalence follows from the compactness of O, (t), which is implied by the
lower semicontinuity and the level-boundedness of (,, and the last equivalence follows from
the properness and the lower semicontinuity of ¢,, and the compactness of K, , N ©O. ]
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Proof of Lemma 3.2. Note first that, under our assumptions, {n inherits the almost sure
properness, lower semicontinuity, and level-boundedness from (,. For any 0 < € < €, let
Di .= {(0,)) € Rup : Ca(0,\) < infr,, (u(0,)) + €} and D} := liminf, ..o D} .. By
hypothesis, D¢ is nonempty. For a given 6 > 0, let D 5 be an open d-envelope of D¢ defined
by Df; := {(0,) : d((0,\), D) < 6}.

For any 6 > 0, Ryp N D?; # @ implies that there exists Ne € N such that Ry, p N
D:, s # @ forall n > N as R,4p — Ryp in the Painlevé-Kuratowski sense (Theorem
4.5, Rockafellar and Wets, 2005). For n > N, let E,  := argmianu’me:ﬁ 5n(9,)\). Let

Dy, := argming En(ﬁ, N. As E, #9,E,C DZ(S, and E, . C D,, we have DnﬁD:’é« + O
for all n > N, and 6§ > 0.

Now suppose that the conclusion of the lemma does not hold. Then, there exists a
subsequence {((p,, Rn, ),k =1,2,---} such that

r(],

inf G, (6, \) — inf Cn, (0, A)' > 2e> > 0.

N, U, P
for all k. Then, along this subsequence, we have P(D,, N D}, . = @) > 0. This implies
D,, N D!y = @ for all k with positive probability, which is a contradiction. ]

Proof of Lemma 3.3. Let € > 0 be arbitrary. For each (u,p) € R x S9!, take L, to be a
compact set such that D} C L, ,. This is possible by the equi-inf-compactness. Now take
R, p, = RypN Lyp. Then, by construction,

d

for sufficiently large n. Given the discussions preceding this lemma, we have

lnf 5?2(07 )‘) — Inf gn(g? )‘)

Ru,p u,p

> 6> <e€ (A.1)

Zn(p,t) <u inf G0+ Aak/7) >t

n,u,p

& inf G,(0,)) > t.

n,u,p

Since this holds for any finite m-tuple {(u;,p;)}7.;, we have

P(Zn(plat) < U,y - JZn(p’er)t) < um)

:P< inf  C,(0,\) >t,---, inf 5n(9,A)>t). (A.2)

n,ul,pP1 R"vumapm



Note that

P( inf fn(e,A) >t+e---, inf g:n(ﬁ,)\) >t—|—e>
R“lvl’l Rumvpm
< P max | inf (,(0,\) — inf (,(0,\)] > ¢/2
1<j<m Rujﬁpj U ;P
—|—P< inf C,(0,\) >t+¢€/2,---, inf @(9,A)>t+e/2)
R“lvPl Rumy:ﬂm
<P | max | inf C,(0,)\) — inf (,(0,)\)] > €/2 (A.3)
1§j§m R“‘j’pj uj,pj
+ P | max | inf G,(0,)\) — inf (u(6,N)| > €/2
1<j<m |Ru;p; nougp;
+P< inf  Co(0,A) >t,---, inf (6, > t> ,
n,uq,pq n,Um,Pm

where we used the fact that, for any random vectors Y,, X, : € — R™, an open set G C R™,
and its e-contraction G¢ := {x € G : p(x,G) > €}, we have P(Y,, € G¢) < P(p(X,,Yn) >
€) + P(X, € G). Specifically, we used the metric p(Xy,Y,) = maxi<j<m | X;n — Yjn| and the
open set G = (t,00)™.

Lemma 3.2 and (A.1) ensure that the first two terms on the right hand side of (A.3)
become arbitrarily small as n gets large. Therefore,

limian< inf Cu(0,N) > t+e---, inf (u(6,)) > t+e>
n—oo R”l P11 Rum sPm
ghminfp< inf  Cu(0,M\) >t,---, inf  (u(0,N) >t>.
n—0oo Rnaulspl Rnyumapm

By letting € | 0, we obtain

hmian( inf Cu(0,A) > t,---, inf  Cu(0,N) > t)
n—oo RU1,p1 Rum»Pm
ghminfp< inf  Cu(0,\) >t,---, inf ((0,\) >t>
n—od n,u1,p1 n,Um,,Pm

=liminf P(Z,(p1,t) <u1, -, Zpn(Pm,t) < um),
n—oo
where the last equality follows from Eq. (A.2). O

A.3 Proof of Theorem 3.1 (i), (ii) and Auxiliary Lemmas

Our first goal in this sections is to show that the stochastic process Z(-, ) given in Eq. (3.3) in
Theorem 3.1 satisfies {w : Z(p,t) < u} = {w: infp C(0,\) >t} for any u,p € RxS? 1. For

this, we need to show the almost sure upper semicontinuity of the map g : 0 — s(p, A(¢,0)).
In the following, we introduce a regularity condition for the criterion function and two lemmas
that are useful for establishing the desired result. We then prove Theorem 3.1 (i) and (ii).
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DEFINITION A.2 (Level-boundedness for parametric optimization): A function f : R™ x
R™ — R with values f(x,u) is level-bounded in x locally uniformly in u if for each u € R™
and a € R there is a neighborhood V- € N (@) along with a bounded set B C R"™ such that
{z|f(z,u) < a} C B for allu € V; or equivalently, there is a neighborhood V€ N (u) such
that the set {(z,u)|u € V, f(x,u) < a} is bounded in R™ x R™.

LEMMA A.1: Consider
Y(u) := inf f(z,u)

in the case of a proper, Isc function f : R™ x R™ — R such that f(z,u) is level bounded in x
locally uniformly in w. Then, the function v is proper and lsc on R™.

Proof. See Theorem 1.17 in Rockafellar and Wets (2005) O

LEMMA A.2: Suppose that fn(ﬂ,)\) satisfies the conditions of Theorem 3.1. For each

te Ry and p €S, let g be a stochastic process defined by g : 0 — s <p, A(t, 9)) Then, there

is a representation of g, which is upper semicontinuous (usc) almost surely.

Proof. First, let 64 : R — R be the optimization theory indicator function that takes 0 if
x € A and oo otherwise. For each 0, let h(6,\) :== —(p, \) +5[X(t,6)()\) and g(f) := infy h(0, \).
As g(0) = —g(6), it suffices to show the lower semicontinuity of (@) for the conclusion of
the lemma?®. For establishing the lower semicontinuity of §, we make use of Lemma A.1 by
taking ¥ = g, f = h, and (x,u) = (0, ). Below, we show that h is almost surely proper, lsc,
and level bounded in A locally uniformly in 6.

By our hypothesis, f\(t, 6) is nonempty a.s. for any § € 00 and t € Ry. Therefore, 5A(t79)
is proper, which implies that h is proper. In the following, using Skrokhod representation,
we take a version of {n that is epiconverging almost surely to a version of C~ that are defined
on some common probability space. This is possible since the space of lsc convex functions
is Polish (Geyer 2003, p.5-6.). The almost sure epiconvergence of lsc functions {g:n,n > 1}
implies that ¢ is lsc a.s. (Attouch, 1984, Theorem 2.1). Therefore, the level set A(t, ) of
the Isc function (6, -) is closed a.s. Note that —(p, ) is continuous and ‘5[\(t,6) is Isc by the

closedness of A(t,0). So, h is Isc a.s. ) B
For each p € S9! and ¢ € H(p,O7), let N(0) be a collection of neighborhoods at ¢. Let
a € R. Take § € V € N(0). Define the set

Ci={X:{(0,)) <t, (p,A)>—a}.

The fact that (, is equi-inf-compact implies that ¢ is level bounded (ExerciseA7.32 (b) in
Rockafellar and Wets (2005)), and therefore A(¢,0) is bounded a.s. As C' C A(¢,0), C is

bounded a.s. Now, we can rewrite

C={X:0a¢p(N) =0, —(p,A) <a}
={\:h(0,)) < a}.

Therefore, h(6, A) is level bounded in A locally uniformly in . By Lemma A.1, §() is Isc

26We follow the convention that sup, . f(r) = —oco if C is an empty set.
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almost surely. O
Given the results above, we fist prove the statement of Theorem 3.1 (ii).

Proof of Theorem 5.1 (ii). For each (u,p) € R x S9! take L, , to be a compact set such
that A(t,0) C Ly a.s. For a given 6 € H(p,©Oy), it is straightforward to show

s(p, A(t,0) <u<  inf  ((0,\) >t (A.4)

AEKu pNLu,p

using an argument similar to the proof of Lemma 3.1. By the compactness of H(p,©;) and
Lemma A.2,

Z(p,t) <ue  sup  s(p,A(t,0)) <u
6cH(p,01)

< s(p,A(t,0)) <wu, VOe H(p,Or). (A.5)
Combining Eqs. (A.4) and (A.5), we obtain

Z(p,t) <u< inf  ((0,)) >,
(0,M\)ERy p

where Ry, = H(p,O07) X (Kyup N Ly,). Therefore, for any finite m-tuple {(uj,p) Y7y

{W:Z(plvt) <uy,--- 7Z(p’ﬂht) <Um}

={w: inf  {(O,\)>t,---, inf  C(O,N) >tp.
(0,\)€Ru; pq (O,N)ERup, ,pm
Take probability both sides. Then, the conclusion of Theorem 3.1 (ii) follows. O]

Proof of Theorem 5.1 (i). Consider a finite m-tuple {(u;,p;)}jL;. Since c, ed. C. for any
{(uj,pj)}Ly, we have

P inf  C(O,\) >t -, inf  C(6,\) >t
(9,)\)6Ru17p1 (euA)GRunqu
< liminf P ( inf  Cu(0,\) >t,---, inf  Cu(6,A) > t> .
n—00 (9,)\)6Ru11p1 (H’A)GRUm’Pm

This result, together with Lemma 3.3 and Theorem 3.1 (ii) proved above, implies that

P(Z(p1,t) <ui, -, Z(pm,t) < Up,) < liminf P (Z,(p1,t) < u1, -, Zn(Pm,t) < Up) -

n—oo

By the portmanteau theorem, the process Z,(-,t) weakly converges to Z(-,t) in finite
dimension. This completes the proof of part (i). O



A.4 Proof of Theorem 3.1 (iii)

For establishing Z,,(-, ) vz (+,t), we make use of the three lemmas below. Lemmas A.3 and
A.4 will be used to show the tightness of the sequence {Z,(-,t),n = 1,2,---}. Lemma A.3
states that, for the tightness, it suffices to show the stochastic equicontinuity of the process,
and Lemma A.4 gives a sufficient condition for the stochastic equicontinuity.

LEMMA A.3 (Tightness Characterization): Let E be a metric space. A sequence of stochas-
tic processes {&n(w),n > 1} is tight in (C(E), de(g)) if and only if & (x) = Op(1) for allx € E
and the stochastic equicontinuity holds. That is, For every e,n > 0 there exists random
Ay,(e,n) and a constant Ne, such that for n > Ne,, P(|An(e,n)| > €) < n and for each
y € E, there is an open set V(y,e,n) containing 6 with

sSup \fn(:v) - gn(y)| < An(ea 77)7 n > Ne,n-
zeV(y,em)

Proof. See Newey (1991). O

LEMMA A4: Let h:[0,00) — [0,00) be a function such that h(0) = 0 and h is continuous
at 0. There is By, such that B, = Op(1). If for all x,y € E, |&,(z) — &, (y)| < Brh(||lz —yl|),
then {&,} is stochastically equicontinuous.

Proof. The result immediately follows from Assumption 3A and Corollary 2.2 in Newey
(1991). 0

The lemmas above imply that showing that {Z,(-,t),n > 1} satisfies the regularity con-
ditions in Lemma A.4 suffices for the desired result. For this, we make use of the following
definition and the lemma.

DEFINITION A.3 (Strict Continuity): Let S € R?. A function f : S — R is strictly
|f (z")—f ()]

[Ed

continuous at T € S if T € 8° and if the Lipshitz modulus, lipf(z) := limsup, ,/_,z
r#x’
is finite. A function is strictly continuous on S if it is strictly continuous at every point in

S.

We say a function f : @ x & — R is strictly continuous on S almost surely (a.s.) if
f(w,-) is strictly continuous for all w € F' € §, P(F') = 1. For single-valued mappings, the
strict continuity is equivalent to local Lipschitz property, i.e., the function is Lipschitz on a
neighborhood of each point (Rockafellar and Wets, 2005).

LEMMA A.5 (Extended Mean Value Theorem): Suppose f is convex and strictly contin-
uous on an open convexr set O C R%, and let xy and x1 be points of O. Then there exist
. = (1 —7)xg+ 721, 7 € (0,1) and v € R satisfying

f(a1) = f(xo) = (v, 31 —20), v € If(ar),
where Of (x) is the subdifferential of f at x, defined by
of (x) :=={veR?: f(y) > f(z) + (v,y —z), VyeRI}.

Proof. See Rockafellar and Wets (2005), Theorem 10.48. O
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Proof of Theorem 3.1 (iii). We first show the required conditions for Lemma A.4 using an
expansion of the support function based on Lemma A.5. In the following, we take w € F' € §,
P(F) =1, for which fn(w, 0, \) is Isc and convex. Under our assumptions, Oy is a compact
convex set, and é)n(t) is a compact convex set almost surely. For each bounded closed set,
its support function is Lipschitz (Theorem F.1. in Molchanov (2005)). This implies that
s(p, ©y) is strictly continuous, and s(p, @n(t)) is strictly continuous a.s. Furthermore, the
support function of a compact set is sublinear, and therefore it is convex (Molchanov, 2005,
p.421). This further implies that s(p, ©;) is convex, and s(p, ©,(t)) is convex a.s.

Now, take an open convex set O such that S~' c O. Let p,q € S '. Then, by
Lemma A.5, for some p, and p on the line segment that connects p and ¢, there exist

U, € 08(Pn, On(t)) and w € Os(p, Or) such that

3(}?, @n(t)) - 3((]7 Gn(t)) = <@n7p - Q> (A'G)
s(p,O1) — s(¢q,01) = (w,p — q) (A7)

For any compact convex set F', the subdifferential ds(p, F') of the support function at p coin-

A

cides with its support set H(p, F'). Therefore, ds(pn, On(t)) = H(pn, On(t)) and ds(p, O1) =
H(p,©71). So, we can write

Zn(p7 t) - Zn(q7 t) = aTll/’y(@n —w,p— Q> (AS)

for some v,, € H(pn,O,(t)) and w € H(p,Oy).
Note that, Assumption 2.3 (ii) implies Z,(p,t) = Op(1) for any p € S¥~1. Therefore

a}/w(ﬁn —w,p—q) = Za(p,t) — Z,(q,t) = Op(1) for any p,q € STL. Since this holds for any
p and ¢, each component of a,ll/v(f)n — w) must be Op(1). Therefore, a}/VHﬁn —w|| = O0p(1).
Applying the Cauchy-Schwartz inequality to (A.8), we obtain

120 (p,t) — Zn(q,1))| < a7 ||0n — wll[|lp — q|-

Now, we apply Lemma A.4 with B, = a,lh/nyDn —w|| and h(xz) = x. Then, {Z,(-,t),n > 1} is
stochastically equicontinuous. Further, we apply Lemma A.3 to conclude that {Z,(-,t),n >
1} is tight. Note that a tight sequence that is weakly converging in finite dimension weakly
converges in the uniform metric (van der Vaart and Wellner, 2000). Thus, we obtain

Z,(, 1) " Z(,1).
Since (,, is convex a.s. in a neighborhood of Oy, its lower contour sets (in the neighborhood
of ©r) are convex almost surely. Thus the Hormander’s embedding theorem implies

alYdp(0n(t),01) = |20, V)l cs)-

By the continuous mapping theorem, we get a,ll/VdH(C:)n(t), Or) <, 1Z(-,t)]le(s). Similarly, by
Theorem 2.3, the directed Hausdorff distance satisfies a}L/WJH(QI, O,(t)) = Suppesd-11—Zn (s ) }+-
The continuous mapping theorem implies a}/VJH(@], é)n(t)) 4, suppesd-1{—Z(p, 1) }+ O



A.5 Proof of Theorems and Corollaries in Section 3.2

Proof of Theorem 3.2. By Theorem 2.2, a,ll/’de((:)n(t), Or) = a}@MHs(-, O, (t)—s(-, O1)lle(sa-1y-
Here, s(-,0,(t)) is a random element that takes values in a normed linear space (C(S* 1), || -

lega—1y)- Let Fy(z,t) be the cdf of a}/wdH(én(t),GI). Note that Theorem 3.1 ensures F,
converges weakly to F. Now apply Politis, Romano, and Wolf’s (1999) Theorem 2.5.2. with

m=ar", b, = 5(-,0,(t)), and O(P) = s(-,0;1). Then, all the results follow. O

Proof of Corollary 3.1. (i) First, the consistency of ¢, 5 1-/(t) follows from Theorem 3.2 and
Lemma 11.2.1 in Lehmann and Romano (2005). Under the null hypothesis, 75,(t) converges in
distribution to F'(x,t), and by the result above, ¢, 4 1-a(t) = c1—a(t) +0p(1). Then, by Corol-
lary 11.2.3 in Lehmann and Romano (2005), lim,—oc P(T5(t) < éppi1-a(t)) = Flci—a(t),t) =
1—oa.

(ii) The proof of part (ii) is very similar to the proof of Theorem 2.2 in BM. O

Proof of Theorem 3.3. The first part follows from the equivalence
Or e Xpp1alt) &  aXVdy(0,(t),05) < énpi_alt).
and Theorem 3.2 (iii). Note that for any compact convex set K € K. and € > 0, we have
K @ B. = K¢,

where B is a closed ball of radius € centered at the origin, and K¢ is a closed e-envelope of
K. The rest of the proof is very similar to the proof of Theorem 2.4 in BM.

(iii) Note that, forany t € R4, O € ?emb,l_a(t) implies ©; C \iln’b,l_a(t), but the converse
is not necessarily true. Therefore, by part (i),

lim P (@1 C \iln,b,l,a(t)) > lim P (@1 € ifmb,l,a(t)> =1-a.

n—oo n—oo
By part (i), U p1_a(t) = (:)i"’b‘lf“(t) (t). Now, the conclusion follows. O
_1 N,
Proof of Theorem 3.4. For each t € Ry, let U7 (2,1) := NS 1{al/bJ’H(9I 6 bk(t))<w}'
’ b yIn,b, >

Suppose, for any € > 0,

0 d(0u(t), 00x (1) = 0" sup {s(p,0,(1)) — 50 O0pi(®) ] <o

peSi—1

and

a;/WdH((:)n(t),GI) = aé” sup |s(p, On(t)) — s(p, @1)‘ <e.

pesSa—1

Then, a;/v(s(p, Or) — s(p, én7b7k(t))) < x + ¢ for all p € S¥"!. This further implies

a;/WJH(QIa Onpi(t)) = ai/w Sg}) 1 {5(1% Or) — s(p, én,b,k(t))}+ <z+te
pesi—



Let B, p(t,€) = {w: a;/wdH(@n(t), ©7) < €}. Then, the arguments above ensure
F;b(x, t)l{Enyb(t,e)} < U,:b(l' + €, t). (Ag)

Now, suppose

A~

a, (01,0, p1(t)) <z — e
and
all)/’de«:)n(t)v Or) <e.
Then, we have
> 0, d(0(t),01) + 4y dy (01, O 1(1))
> ) A (On(t), 1) + @y dir(O1, 0 4(1))
> aé/A’JH(én(t), én,b,k(t))‘

Therefore, we obtain

Unb(®@ = &0, 0.0y < o (@ D15, 001 (A.10)
Since (A.9) and (A.10) hold for any € > 0 and E,; has probability tending to one, we have

Upp(z —e,t) < An_:b(a:,t) < Uiz +et), (A.11)

with probability tending to 1 for any € > 0.

Now it is straightforward to show U, (xr—e€,t) = F 7 (z,t)+o0p(1) for each continuity point
x of F7(-,t) by an argument similar to the proof of Theorem 2.2.1 (i) in Politis, Romano,
and Wolf (1999). Therefore,

Fo(z—et)—e< F (1) < F7(z+e1) +e

with probability tending to 1 for any € > 0. Now, let € | 0 so that « 4 € are continuity points
of F~(-, P). Then, the conclusion follows.

The proofs of (ii) and (iii) are very similar to those of Theorem 2.2.1 (ii) and (iii) in
Politis, Romano, and Wolf (1999). O

Proof of Corollary 3.2. (i) As before, the consistency of ¢, ;_,(t) follows from Lemma 11.2.1

in Lehmann and Romano (2005). Under the null, we have T, () < a}L/WJH(GI, O, (1)), and
dp(©1,0n,(t)) converges in distribution to F~(z,t). By the results above and by Corollary
11.2.3 in Lehmann and Romano (2005), we have

limsup P(T,,”(t) > ¢.71_o(t) < lim P(aYdy(071,0,(t) > & 1-a(t))

=1—F(ci_,(t),t) = a.

The proof of part (ii) is similar to the proof of Corollary 3.1 (ii). O
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Proof of Theorem 3.5. The first part follows from the equivalence
Or € X1 alt) & a'du(Or,0n(1) < &y _a(t).

and Theorem 3.4 (iii). The proof of (ii) is similar to the proof of Theorem 3.3 (ii). The proof
of (iii) is similar to the proof of Proposition 2.7 in BM. O

Proof of Lemma 3.4. First, ¢~ (t7_,) = 0 follows from the definition of ¢{__,. For the con-
clusion of the lemma, it suffices to show that P (sup,egi-1{—Z(p,t)}+ < ) is non-decreasing
in ¢ for each z. As this is a distributoinal property of the process Z(p,t), it suffices to show
that the statement above holds for the following representation:

_Z(p’ t) = — Sup Sup <p7 >\>
0€H (p,O1) Xe{\:C(O,M)<t}

As {A:C(0,0) <t} C{N:C(0,)\) <t} forany 0 <t <t <t and for each p € S,
—2Z(p,t) is non-increasing in ¢. This implies that sup,cga-1{—Z(p,t)}+ is non-increasing in ¢
for any w. Thus, P (Suppegd—l{—Z(p, His < ZL') is non-decreasing in ¢ € [0,t}_,] for each x.

O

We use the following lemma to prove Theorem 3.6.

LEMMA A.6: Suppose the conditions of Theorem 3.6 hold. Then, for any o € (0,1) and

0t <t <t g € alt) = i o) = plt)) — pu(t).

Proof of Lemma A.6. First, ¢~ ,(t) can be written as

1., (t) = inf {a: : P < sup {—=Z(p,t)}+ < x) >1- a}

pesSd—1

— int {x P ( sup {u(t)) - u(t) — pu(t) — Z*(p)}+ < x> >1- a} . (A12)

peSd—1

Let A(t,t") := u(t') — pu(t). Then, for any = > A(t,t'), we have

P ngl{” —p(t) = u(t) = 2*(p)}+ < x)

oy ( sup {A(Lt) = Z(p,t)}s < a:>

pESd_ 1

= P( sup {—Z(p,t")}y <a— A(t,t/)>. (A.13)

pESd_ 1

Substituting Eq. (A.13) into Eq. (A.12) yields

1o (t) = inf {x : P ( sup {—Z(p,t)}+ <z — A(t,t')) >1- a}

=ci () + AL, t). O



Proof of Theorem 3.6. By Theorem 2.2,

(t) A

Aé: 7oz(t) A * Aé: — *
ol dy (@n <t>,en<t1_a>) — a7 sup [s(p, 05O (1)) — s(p, Outi_0))

peSd—1
=a,/7 sup [s(p, On(t)) + &1 a(t) = s(p, On(t_,))]

peSd—1
= sup a;/"[s(p, On(t)) = 5(p, On(ti o)) + &y 1—a(t)]
pesd—1
= sup a7 [s(p, On(1)) — s(p, O1)]
peSd—1

— a7 [s(p, On(ti_a)) = 5(p, ON] + Ep1_a(t)]
= sup [Zn(p,t) = Zn(p,t1-a) + c12a(t) + 0p(1)]

pesd—1
@) * - —
= Sup |M(t) - :U’(tlfoz) - (lea( 1701) - clfa(t)) + Op(l)‘
peSd—1
= op(1),
where we used the fact that ¢~ (t_,) = 0 in equality (1), and the last equality follows from

Lemma A.6. O

Proof of Corollary 3.3. The result immediately follows from Theorem 3.6 and the triangle
inequality:

i <@;:,b,1a<t> (1), 6irsa-a) t,))> -

~ET t A N ET t’ N
dn (e( (), 60 f_a») T dy (@( (), O t_a») O

Proof of Theorem 8.7. Let [ be the smallest random index for which there is a false rejection.
Then, there is ©g € S} N K.y such that

al/"di (80,05 (1) > énp1_altt)-
As Oy C Oy, this implies
ay/1dy (01, 0n(t)) > éyp1—alt)
= /1@, 6= 1y
= a/Vdy(©r5,0,(t_,)) + 0,(1) > 0,

where the last result follows from Theorem 3.6. Therefore,

lim FWER < P (a;/VJH(@I, O,(t5_ ) +0p(1) > 0) —a.O

n—oo

A.6 Proofs for Theorems and Corollaries in Section 3.4

The following result immediately follows from the main theorem.
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LEMMA A.7: Suppose conditions of Theorem 3.1 hold. Suppose that the weak epilimit 6
is such that for any p,q € Sy,,

sup  (p,\) = sup (g, \) (A.14)
Ae{N:C(00,\) <t} AE{N:C(00, )<t}

for any w € Q. Then, for eacht € Ry,
(i) if 6 € 901, T, (1) % {=Z(po. 1)}
(ii) if 6o € ©F, Tiy (t) 5 0;
(iii) if 0o ¢ 91, T (t) > +o00.

Proof of Lemma A.7. The proof is similar to that of Proposition 16 in Bontemps, Magnac,
and Maurin (2007). Let A,(p,t) := an/VKp, 00) — 5(p,©,(1))] and A(p,t) = an/v[(p, Oo) —
s(p, ©1)]. First, we show that A, (pn,t) — An(po,t) = op(1). Note that A, (pn,t) — An(po,t)
is bounded from below by 0, as p, maximizes A, (-,¢). From above, we have

0 < Ap(Pn,t) — An(po, t) = An(pnst) — AP, t) + A(pn, t) — Alpo, t) + A(po, t) — An(po,t)
= —Zn(Pn,t) + A(Pn, t) — A(po, t) + Zn(po, 1)
<z, (p07 ) Zn(ﬁmt)
= Z(po,t) — Z(Pn,t) +up(1),

where the inequality holds because A(py,t) — A(po,t) < 0 by the construction of pg, and
up(1) represents a term that is uniformly converging in probability to 0.

Note that {p,} has a subsequence {p,,} that converges in probability to some p’ € Sp,.
Then, by the stochastic equicontinuity, Z(py,,t) 2 Z(p',t). Note that Eq. (3.3) and (A.14)
imply Z(p/,t) = Z(po,t), P — a.s. for any p’,py € Sp,. Therefore, along any subsequence,
Z(Pn,,t) converges in probability to Z(pg,t). This implies Z(po,t) — Z(pn,t) = op(1).

(i) Suppose 0y € 907, then (po, 8y) = s(po, Or). Therefore, A, (po,t) = —Z,(po,t). Now,

Tn,go (t) = {An(ﬁn,t)}+
= {An(po, t)}+ + 0p(1)
={—=Zn(po,t)}+ + 0p(1).

By Theorem 3.1 (i) and the continuous mapping theorem, T}, g,(t) LA {=Z(po,t)}+. (ii)
Suppose 6§ € ©9, then T, 4,(t) = {—Z.(po,t) + an/7[<po,60> — 5(po, O1)]}+ + 0p(1) and
/7[<p0790) — 5(po, ©1)] — —oo. Therefore, T), g, (%) 2, 0. (iii) Suppose 0 ¢ O, then

T (t) = {=Zn(po, t) + a2’ [(po, 00) — 5(po, O1)]}+ +0p(1) and " [(po, 6o) — s(po, O1)] — oo.
Therefore, T, 6, (t) 2 0. O

Proof of Theorem 3.8. The proof is very similar to the proof of Theorem 3.4, and therefore
it is omitted. O

Proof of Corollary 3.4. (i) First ¢, 1, (Pnst) = €, 1_(Pos ) +0p(1). Then, the consistency
of ¢, a(ﬁn, t) follows by applying Lemma 11.2.1 in Lehmann and Romano (2005). If
Oy € 8@[, o (t) converges in distribution to F~(z,p,t) by Lemma A.7 (i), and by the
result above, cn7b71_a(ﬁn,t) = ¢ o(po,t) + 0p(1). Then, by Corollary 11.2.3 in Lehmann
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and Romano (2005), lim,—.cc P(T}5 (t) < & (Pn,t)) = F7(c1"o(po,t),t) =1 —a. If

n,b,1—a
0 €09, T, 5 () 2, 0 by Lemma A.7 (i), and therefore lim,, o, P(T, 5, @) < &1 o(Pnst)) >
limy, 00 P({_Zn(ﬁn7t)}+ < é77})1 a(pn)t)) = FH(cl_La(p()a t)7t) =1-a

(ii) The proof of part (ii) is a direct consequence of Lemma A.7 (iii) and é, 4 1—a(Pn,t) =
Op(1). O
Proof of Theorem 3.9. The result simply follows from the equivalence

006\1’1@61 a() ~ T@()Scnbl a(pTL?t)

and Corollary 3.4 (i). O

Proof of Theorem 3.10. First, we can rewrite the local power as

7rn,b,t<9 ) P ( 1/7{<]§n7 9n> - S(ﬁna én(t>)}+ > én,b,lfa(ﬁnat)>
= P ({550, ©1) = 550, O (1)) + (P N /0 s > Cupialfus )
=P ({—Z20(Pn,t) + (P, A) }+ > én,b,lfa(ﬁnat)) .

By the fact that (pn,A\) = (po, A\) + 0p(1) = h + 0p(1) and the stochastic equicontinuity of
Z(-,t) and ¢ p1-al-,t), we obtain

Tnpt(On) = P({—Zn(po,t) + h + 0p(1)} 1 > 1 o (po, 1) + 0p(1)).

Note that limy, oo T p¢(0n) > P({—Z(po,t)}+ > 7 o(P0,t)) = a. So, the test has the
asymptotic local unbiasedness. Furthermore, using the fact that {—z}; > € & = < —e for
any € > 0, we can write

bt (0n) = P(Zn(po,t) < h—ciZq(po, 1)) + o(1).
By the second duality (Lemma 3.3) and the weak epiconvergence

liminf P(Z,(po,t) < h — ¢ o(po,t)) > liminf P [ = inf Cn(0,0) >t

N—00 n—o0
Rh—Cﬁa (po-t);po

>P|  inf CON) >t

Rhfcf,a(ldo,t)mo

where Ry, _ci (po,t).p0 = {1003 X (Kh—cr (po,) 0 M h—c1 , (p0.8).p0) With L= _ (o ) po PTOPETLY
chosen. O

Proof of Corollary 3.5. The proof of part (i) is very similar to the proof of Corollary 3.2 (i).
For part (ii), we make use of the reverse triangle inequality:

dir({60},01) = di(©r1,04(1)) < dr ({60}, On(1)).



Scaling both sides by a}/ 7 and taking infe, both sides give

1 (ing d (0, € < nf T
Qy <901g£)0 du({6o}.©1) dH(@b@n(t))> < 9012(5)0 T, (1) (A.15)

Since &% 1_o(t) = ¢ o(t) + 0p(1) and diz (O, On(t)) = 0p(1), we have

lim P<e,7b Lo (t) < ak? ( inf dy({6o},01) — JH(@,,én(t))> >
™ 00€O¢

(cra@) +0p(1)

= lim P
a%/ v

n—oo

< i, 100} O+ 0’”(1)>
=1,

since infg,co, dir ({00}, ©7) > 0 under the alternative. By the inequality A.15, the conclusion
follows. O

A.7 Proof of Theorems and Corollaries in Section 4

Knight (1999) provides a result that links the weak finite dimensional limit and the weak
epilimit, which we summarize below as a lemma. For this result, we introduce the following
definition.

DEFINITION A.4 (Stochastic Equi-lowersemicontinuity): A sequence of random lsc func-
tions {&,m > 1} on R is stochastically equi-lowersemicontinuous (e-Isc) if for each bounded
set B, e >0 and § > 0, there exist x1,-- , Xy € B and open neighborhoods V(x1),- -+, V(zm)
of x1,- -+ ,Tm such that

i=1
and

lim sup P (U { inf )én(y) < min{e !, &, (z;) — e}}) < 0.

n—oo i1 yEV(:ri

LEMMA A.8 (Knight, 1999, Theorem 2): Let {&,,n > 1} be a stochastically e-lsc sequence

of functions and & be a random lsc function. Then &, fd € if and only if &, e.d. €.

Proof of Theorem 4.1. Assumption 2.1 immediately follows from Assumption 4.1. Assump-
tion 2.2 immediately follows from Assumption 4.2. For the consistency of the level set estima-
tor with the choice of finite nonnegative constant ¢, we additionally need to show Assumptions
2.3 (i), (ii), and 2.4 (i).



By Assumption 4.3 (i-a,b), we can write

P (sup [o(Euimio, W(6) — p(Elmsa). W(0)| > )
< P sup B s W0) o Ema), W, 0)|
5 [(Bl1m30). 17,(6)) = (Blims). W) > )
< P sup [l Wal0) — (B W,0)| > </2)
(s om0, 1 6)) = (Elims ). W) > </2)
< P (suptat ([ Buomso) — om0 ]) > 2)
+P <sgp Lohs <n}2x ‘Wn,ij(e) . m-(@)D > e/2>

< P (sup | Buoms) ~ By > L0 er2)

+P <sup max ’an(H) - Wij(G)‘ > L51h51(6/2)>
0 W

<e€

for n sufficiently large. Therefore, Assumptions 2.3 (i) holds. In the following, we take a,
n"/2. First, this choice of a,, and the P-donsker property ensure that supg L 0,Qn(0) = Op(1

).
Therefore, Assumptions 2.3 (ii) holds. Now, let 7 > 0 be such that supg, max; ; Wy ;;(0) <
n < oo, wp — 1. We can write

n2Qn(0) < ©(Gn(mg) + vVnE(mg), W (9))
< (Gn(mg) +v/nE(mg), sgp Hggx ]ij(ﬁ)llj)
< (Op(l) - \/EC3 min{d(ev S} \ @I)’ E}, 77]])

uniformly over ©r wp — 1 by Assumption 4.3 (ii-d). We thus have @, (§) = 0 on ©;“* with
€n, = Op(1/4/n), and this ensures Assumption 2.4 (i).

For the rate of convergence of the set estimator, we additionally need to show Assumptions
2.3 (iii) and 2.4 (ii). For this, we closely follow CHT’s proof of Theorem 4.2. Take ’ > 0
such that infg, min; ; ]WMJ(Q)] > 7', wp — 1. First, we write

nv/QQn(g) = (G (mg) + \/ﬁE(mg), Wn(e))
> |Gy (mg) + VRE(ma)||]
oo i 1Gn(mo) + VB (mo)|[]
> Co|[vnE(me)| % I[v/nE(mg)| ] .

Now, by Assumption 4.3 (ii-b), we have ||v/nE(mg)|L > C1n?/? min{d(0,O;),5}” on O for

[62]



some C; > 0 and § > 0. Therefore, for any € > 0, we can choose (ke,n.) so that for any
n > ne with probability at least 1 — ¢,

n2Qn(0) > CoCin?/? min{d(0, ©7), 6}7,

uniformly over {# € © : d(6,01) > (ke/n?/?)/7}, which follows by ||y + x|l /|z]+ — 1 as

2]+ — oo for any y € R/ and by supg, |G (mg)|| = O,(1) by the P-Donsker property.
Note that the lower semicontinuity ¢, follows the continuity in 6 of p,m, and W. The

convexity of @,,(#) in a neighborhood of ©; directly follows from Assumption 4.4 (ii). Now,

we show the weak epiconvergence of (,. First, G,mg wg G(0) implies G,,(myg) L4 G(6). To-
gether with Assumption 4.4 (i-a,b), this implies M, (6, \) f4 M(6, ). We also have W, (0 +
A/a}/v) L, W (6). Therefore, by the continuous mapping theorem, ¢, = ©(M, (0, X), W, (0 +
/\/a}L/V)) 14 ©(M(8,1),W(8)) = . Now by Assumption 4.4 (iii), we can apply Lemma A.8
to conclude that C~n ed f . O
Proof of Corollary 4.1. By Theorem 4.1, the conditions required for Theorem 3.1 hold. The

weak convergence results immediately follow from Theorem 3.1, and the representation result
follows from the fact that {(0,\) = o(G(0) + II(6)\ + <(6)). O

Proof of Corollary 4.2. Let s : 00 x R% — R/ be a vector-valued mapping whose j-th
component is s;(0,\) = 1{G;(0) + (IL;(#), ) > 0}. As the linear constraint qualification is
satisfied, the solution A\* to the minimization problem (4.3) satisfies the following Karush-
Kuhn-Tucker (KKT) conditions with probability 1%7:

p = 20IL76)(0)' W7(6)(0)(G 7 () (0) + L7 (5 (0)X") © 5(6, A7)
t> ||W}/(9 (0)(G(0)(9) + Lz () (O)X*) 0 5(8,X%) |
0<

u([IW. j(g 0)(0)(G 7(0)(6) + T 7(9) (O)A") 0 5(6,\")[|* — 1),

where p is the Lagrange multiplier associated with the constraint in Eq. (4.3). By Assumption
4.5 (ii), the constraint in (4.3) binds, and the conditions above simplify to

= 2ull7(9)(0) W7(0)(0)(G () (0) + I 7(9) (O)A7) © 5(6, ") (A.16)
t = |W 5 (0)(Gr(6)(8) + Tz () (O)N") 0 5(0, A" (A.17)
> 0. (A.18)

We can solve (A.16) to obtain

(W36 O 0y (O) L7y (0) W5, (8)) ™ W 15 ()1 76 (O)p

= 21 W /5, (0)(G 7(9)(0) + TL79) (9)N") 0 5(0, ). (A.19)

Let R(p,0) be the left hand side of the equation above. Take squared norms both sides to

2"The constraint is non-differentiable only at finite number of points, and the probability of G(6) taking
these values is 0.
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obtain

IR, )12 = 1262 [W 55, (0) (G 76) (0) + TLra) (O)A") 0 5(0, A |2
= [2u*,

where the second equality follows from (A.17). So, we obtain

= | R(p,0)||t/2. (A.20)
Plugging this into (A.19) gives
. N R(p, 6
W35 (6)(G0)(8) + Ty 0) (9)A") 0 5(8,X") = th (A.21)

Substituting (A.20) and (A.21) into (A.16) yields

1/2
p =1y W R(p,6). (A.22)

Now, we can use this result to obtain

V(p,0,t) = (p,A")

R(p,0), J(G I >
= (R®.9), (<%OMMW>
_ 9) /2 yy71/2 *

IR, WW @mww%wmﬂﬁ

where the fourth equality follows from the fact that R(p, ) = R(p,0) o s(, A*), and the fifth
equality follows from (A.21).
If W (0) satisfies W7 (9)(0) = (IL7(9)(0)I1 79y (0)") " for any 6 € 0O, then
IR(p, O = 'TL7(0)(8) (TL7) ()L 76 (8)' )~ T 7(6) (O)p-

Note that Eq. (A.22) implies that

P'p =P 7(6)(0) (L7 6y (6) 79y (0)') Tz (9 (0)p.

As p is in the unit sphere, p'p = ||p/|> = 1. Combining the results above establishes
|R(p,8)|| = 1. Therefore, the limiting process takes the form Z(p,t) := u(t) + Z*(p) with
p(t) = tY/2 and

Zp) = sup —(R(p,0), W5 (0)Gys)(0))
9€H(p,@])

= sup  —((I7(p) () 75)(8)") () (0)p, G 79 (6)). [
OEH(p,@])
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For Theorem 4.2, we require the following regularity conditions.

AssumPTION A.1 (Local Process Regularity for QLR Statistic): (i) For any finite sets
UCRand S c ST, (supR;p Cn, (u,p) €U x S) <, (supR;p ¢, (u,p) € U x S). (i) For any
0 < €, there exists § > 0 such that Y

> 6) <6

Assumption A.1 (i) requires that the finite dimensional distribution of the supremum of Cn
over a class of compact sets converges to that of . This is analogous to weak epiconvergence.
We call this version “weak supconvergence” as it is close in spirit to Condition S.2 of CHT.

sup gn(aa )‘) — sup 571(07 >‘)
Ryp Ry q

lim P sup
e lp—all<é

where R, ,, := H(p,O1) x K.

Proof of Theorem 4.2. First, by the hypothesis that ¢, weakly supconverges to ¢, Ln(u) fe
L(-,u) where

L(pu):= sup  sup [W'2(0)(G(6) +11(9))|I%
0€H(p,.Or1) \e Ky
The tightness of {£,(-,u)} follows from the assumption of the corollary, and these results

imply L, (-, u) wg L(-,u) for each u.

Now we derive the representation of £ given in the theorem. Below, we fix p € S*~! and
6 € 00;. As 0 € 00y, the components of M(0, ) for j € J¢(0) are irrelevant. To obtain a
closed form for L, consider the following optimization problem

C(0, p,1) = supl|W 55, (0)(G.79)(6) + Ty ) (O3 (A.23)
s.t.(p,A) < u.

Similar to the proof of Corollary 4.2, the solution A\* of the problem above satisfies the
following KKT conditions with probability 1.

vp = QHJ(Q) (Q)IWJ(Q) (9) (GJ(@) (9) + HJ(Q) (9))\*) o 8(9, )\*)
(P, A") <u
0<v
0=v(u—(p,\")),

where v is the Lagrange multiplier associated with the constraint in (A.23). By Assumption
4.5 (ii), the constraint in (A.23) binds, and the conditions above simplify to

vp = 201 7(9)(0)' W7(6)(0)(G7(6)(0) + L7 (5 (0)X") © 5(6, A7) (A.24)
(P, A") =u (A.25)
0<w.



We can solve (A.24) to obtain

vR(p,0) = QW}/(Z) (0)(G0)(8) + 719y (O)N") 0 5(8, X%). (A.26)

Taking squared norms both sides, we obtain

VAR (p, 0)||2 = 41 W5, (0)(Gor(6)(6) + TLrg) (O)A") o (8, A")] | (A.27)
=4C(0,p,u).

Plugging in v = 2C(6,p,u)"/?/||R(p, §)|| back to (A.24), we obtain
p = IR, 0)IIC(0. p, w) ™ *LLy(5) () W (0) (0)(G ) (8) + Ty (9) (B)A") © 5(6, A7)
Now, substitute this into (A.25),

p,0)[IC(0,p,u) ™% (TL7() (0) W r(0) (0)(G 76y () + T 79y (B)N*) © 5(8, ), A*)

IR(
= IR, O)IC(O,p,10) ™2 (W 15 (O)(G 79)(8) + Ty ) (D)X © (6, X°), W35 (O)TT 7 ) (6)A")
(

= [R(p, 0)1C(0,p, )/ (R (p,0), W3/ (O)TL70) (X"
= (R(p.0), W) (0176 (OX")

where the second equality follows from (A.26). Using (A.26) and the result above, the right
hand side of (A.27) can be alternatively written as

(< Wt (H)GJ(G)(9)> <R(p’ 0); W}/(z)(Q)HJ(o)(H)A*»
=2v <<R( ,0), Wl/(2)(9)GJ( )(9)> + u) )

Therefore, from (A.27), we obtain

v =2 R@,0) 7" ((R(p,0). W5 ()G 76)(6) ) + )

= 2[R(p.0) 7 ((R(p.0). W}/, (O)C0)(0)) +u) .

where the second equality follows from the fact v > 0. As C(6,p,u) = [|R(p, 0)||v?/4, we have
_ -1 1/2 2
C(0.p.w) = [R(.0)| 7 ((R(p.6). W}/ ()G 50)(8) ) + ) .
Take the supremum over H(p,O;). The result follows. O

Proof of Corollary 4.3. We first analyze the Wald statistic sup,cga-1{—Zn(p,t) + tl/z}i. By
Corollary 4.2, the distributional limit sup,cgi-1{—2(p,t) + t1/2}2 of this statistic can be



represented as

2

sup {— sup _<(HJ(9)(Q)HJ(G)(Q),)_lﬂj(e)(9)197GJ(Q)(9)>}
pesi-1 | oeH(p.o))

+

2
- inf (76 (O)T76)(0)) " TL79) (0)p, G 9}
p:élﬁl {961}20,@1)« 70)()76)(0)") 70)(0)p, G 76)( )> X
s {(T710,) (01 (D)0, 0) (01 (2))) ™ TLr (0, () 61 (9))P, G 70, (61 (P))>+
oup
— 7,

where we used H(p,©;7) = {0;(p)} to obtain the third equality. For the QLR statistic,

sup nQ@Qy(0) 4, sup L(p,0)
0O peSd—1

by Theorem 4.2 and the continuous mapping theorem. By Theorem 4.2, this limit can be
represented as

1 2

swp sup((R(p,0), W35 (0G5 (9)))

pesd—10€H (p,0;) +

2

" pesi (M0, Or (D)WL 0, ) 01 (P))') ™ T,y (01 (P2 G615 (O (p))>+ -z
peESTT

For the second part, note that 7{_, is the 1 — o quantile of Z. Therefore, it suffices to show
that t]_,, is also the 1 — a quantile of Z under our hypotheses. For that, we can write

fa=infit:P| sup {-Z(p,t)}+ <0 >1-a
pESd_l

= inf{t P ( sup {—t'/2 — Z*(p)}4 < 0> >1- a}

pesd—1

—inflt:P| sup {—Z*(p)}; <t'? | >1—-a
peSd—1

= inf {t : P ( sup {—Z*(p)}2 < t) >1- a}
pesd—1

=inf{t: P(Z<t)>1-a},
where the third equality follows from the fact that for any z > 0 and a continuous function
[y suppega-1{—z + f(p)}+ < 0 & sup,{f(p)}+ < . O
A.8 Proof of Theorems in Section 5.1

The following lemma is often useful to identify the weak epilimit of a sequence of stochastic
processes.



LEMMA A.9: Let T'(R?) be the space of convex lsc functions on R that are proper and
have effective domains with nonempty interiors (or equivalently are finite on an open set).
Suppose that {€,,n > 1} is a sequence in T'(R?) and let Q be a countable dense subset of RY.

6 ™% € on Q where P(¢ € T(RY) = 1, then &, “% €.
Proof. See Lemma 3.1. in Geyer (2003). -

Proof of Theorem 5.1. Let

Cn(ea >‘) = nQn(e + )‘/\/ﬁ)
= (Vn(En(X1:) — 01) — X+ Vn(01 — 0))2
+ (V0 = 02) + A — Vn(En(X2i) — 62))3 + 00 x 1gge.

This function is convex in (6, ), Isc, and has an effective domain with nonempty interior.
Under our hypothesis, the finite dimensional limit of (, (6, \) is

C0,0) = (Z1 — A+ c1(0))F + (2(0) + X — Z2)2,

where (Z1, Z2)" ~ N(0,9) and

o0 9<91 o0 9>92
s1(0) =40 0=60, «0)=<0 0=0,.
—o00 6>6, —o0 0< by

This function is convex and lsc, and finite on an open interval (61,60), and (,(60,\) I4

¢(0, ). Therefore, Lemma A.9 is applicable. Thus, the weak epi-limit coincides with the
finite dimensional limit.

Using the representation result in Corollary 4.2, we can derive a closed form for Z. For
example, when p = —1 and 0 € H(-1,0) = {61}, we have J(0;) = 1, R(-1,0) = 1.
Therefore,

Z(—1,t) =t/2 - 7.
Similarly,
Z(1,t) = t'% + Zs.
Therefore, the limiting process Z(p, t) has mean t'/2, and covariance E[(Z(—1,t)—t'/2)(Z(-1,t)—
( =

t2)] = Quq, E[(Z(1,t) —tY?)(Z(1,t) —t'/?)] = Qgo, and E[(Z(—1,t) —t/?)(Z2(1,t) —t1/?)]
—Q12. By Corollary 4.1,

ﬁd}{(én(t), @[) 4, max{|Z(—1,t)\, ‘Z(Lt”}
and

Vdp(©7,0,(1) S max{—Z(—1,t)4, —Z(1,¢): 1.0



Proof of Theorem 5.1. The result for W, follows directly from Theorem 5.1. The results for
QLR,, and W, are due to Chernozhukov, Hong, and Tamer (2004) and BM respectively. [
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